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Overview

We present a type system inspired by the stabilizer formalism for

Clifford circuits. Further, we extend it to effectively type the T
gate and handle arbitrary unitary gates. Using this we can:

certify the safe disposal and reuse of auxiliary qubits;

determine separability across a given bi-partition;

verify the transversality of a gate for stabilizer codes;

type certain post-measurement states;

type gate injection circuits that use associated magic states;

derive types for multiply-controlled unitaries;

lower bound the T count for multiply-controlled Z gates.

The Type System

The components of our type system for quantum programs are:

Ground types: the 1-qubit Pauli gates {I,X, Y, Z}.
Algebraic operations: scalar multiplication, additive types,

multi-qubit types via tensors.

Arrow types: that provide types to programs and operations in

addition to states.

Intersection types: to fully specify program behavior by

combining specifications.

Union Types: to capture the non-determinism of measurement.

The grammar generated by combining our components:

G := I | X | Y | Z
A := G | c A | A A | A + A | A⊗ A

T := A | T → T | T ∩ T | T ∪ T

Programs are a sequence of the quantum gate operations. Using

the Clifford + T gates as our universal gate set, programs in our type

system are defined as follows:

P := H n | S n | CNOT n m | T n | P ; P
where H n denotes applying the H gate to the n-th bit and “;” de-
notes the sequential application of gates.

The typing statement P : V is said to be true if P has type V.

A valid typing statement for the control-σz gate:

CZ 0 1 := (H 1); (CNOT 0 1); (H 1) : X ⊗ I → X ⊗ Z.

Remark: Our type system is amenable to any universal gate set of

choice with a corresponding change to the basic arrow types.

Typing rules

A subset of our typing rules from [3] is listed below:

Ground Type Rules:

|+〉 : X |−〉 : −X |i〉 : Y |−i〉 : −Y |0〉 : Z |1〉 : −Z

H : (X → Z) ∩ (Z → X) S : (X → Y) ∩ (Z → Z)

CNOT : (X ⊗ I → X ⊗ X) ∩ (I ⊗ Z → Z ⊗ Z)

Tensor Rules:

T[i] = A T[j] = B U : A ⊗ B → C ⊗ D
U i j : T → T{i 7→ C; j 7→ D}

⊗2

g : A ⊗ I → C ⊗ D g : I ⊗ B → E ⊗ F
g : A ⊗ B → CE ⊗ DF

⊗-MUL

Arrow and Sequence Rules:

g : A → A′ g : B → B′

g : (AB) → (A′B′)
mul

g : A → A′

g : cA → cA′ scale

g1 : A → B g2 : B → C
g1; g2 : A → C

seq
g1; (g2; g3) : A → A′

(g1; g2); g3 : A → A′ assoc

Intersection Rules:

g : A g : B
g : A ∩ B

∩-I
g : (A → A′) ∩ (B → B′)
g : (A ∩ B) → (A′ ∩ B′)

∩-Arr-Dist

Additive Type Rules:

T : (Z → Z) ∩
(

X → 1√
2
(X + Y)

) g : A → B g : C → D
g : A + C → B + D

add

U : A → B + C T[i] = A
U i : T → T{i 7→ B} + T{i 7→ C}

add2

Normalization Rules:

g : A → B ∩ C
g : A → B ∩ BC

∩-mul-r
g : A ∩ B → C
g : A ∩ AB → C

∩-mul-l

Semantics

Gottesman’s analysis [1] of Clifford gates via the Heisenberg inter-

pretation forms the starting point for this type system.

Proposition: Given a unitary U , matrices A, B, let U : A → B
imply that for all states |ψ〉, UA|ψ〉 = BU |ψ〉. Then, U takes

every eigenstate of A to an eigenstate of B with the same value.

This leads to an eigenvector-based semantics for our types:

Ground Types: The basic types for states correspond to Pauli

matrices. Specifically, |ψ〉 : A implies that |ψ〉 is a +1-eigenstate
of the Pauli matrix A. For example, |0〉 : Z and |1〉 : −Z.

Program Types: A program typed as p : A → B takes all

+1-eigenstates of A to +1-eigenstates of B.

H : X → Z and T : Z → Z.

Multi-qubit systems: Multi-qubit types are formed as tensors of

single qubit types. Specifically, |ψ〉 : A ⊗ B is a +1-eigenstate of
A⊗B. Note that |ψ〉 here could also be an entangled state.

Let |ψ〉 := 0.8 |00〉 + 0.6 |11〉. Then, |ψ〉 : Z ⊗ Z.

Intersection Types: When |ψ〉 : A ∩ B, then |ψ〉 : A and |ψ〉 : B
implying that |ψ〉 is a simultaneous +1-eigenstate of A and B.
When A and B are Pauli operators, they must commute as

anti-commuting Pauli operators do not have common

eigrnvectors.

Let
∣∣Φ+〉 := |00〉+|11〉√

2 . Then,
∣∣Φ+〉 : (X ⊗ X) ∩ (Z ⊗ Z).

Union Types: When |ψ〉 : A ∪ B, then |ψ〉 is either a
+1-eigenstate of A or a +1-eigenstate of B. In the measurement
context, it implies that one outcome has a post-measurement

type A and the other outcome has type B.

|+〉 : X when measured results in a type Z ∪ −Z since there
is an equal probability of obtaining 0 or 1 as the outcome.

Additive Types: A Hermitian, unitary matrixM =
∑
j cjPj where

cj ∈ R and the Pjs are Pauli matrices gives a corresponding
additive type M =

∑
j cjPj and |ψ〉 : M iffM |ψ〉 = |ψ〉.

Let |ψ〉 := 1√
2

(
|0〉 + eiπ/4 |1〉

)
. Then, |ψ〉 : 1√

2 (X + Y).

Applying our rules

1. Deriving S;S ≡ Z

To show that S;S ≡ Z , it is enough to show that the action of both
is the same on X and Z types. Since S : Z → Z, we directly get
S;S : Z → Z using the SEQ rule. The action on X becomes:

S : X → Y

S : X → Y S : Z → Z
S : XZ → YZ
S : Y → iYZ

scale

mul

S;S : X → −X
seq

where the SCALE rule used Y = iXZ.

2. Typing a gate injection circuit

|m〉

|ψ〉 U2 U |ψ〉

Let |m〉 : M = cos θ · X + sin θ · Y and U : (X → M) ∩ (Z → Z).
We verify the above circuit implements U .

Showing Z → Z: our input is |m〉 ⊗ |0〉 : (M ⊗ I) ∩ (I ⊗ Z). Then

(cos θ · X + sin θ · Y) ⊗ I NOTC−→ cos θ · X ⊗ I + sin θ · Y ⊗ Z

I ⊗ Z NOTC−→ I ⊗ Z.

We have Meas 1 : I ⊗ Z → [Z ⊗ I ∪ (−Z) ⊗ I] ∩ (I ⊗ Z).

Regardless of outcome, the second wire has output type Z.

Showing X → M: our input is |m〉 ⊗ |+〉 : (I ⊗ X) ∩ (M ⊗ I) and

I ⊗ X NOTC−→ X ⊗ X

(cos θ · X + sin θ · Y) ⊗ I NOTC−→ cos θ · X ⊗ I + sin θ · Y ⊗ Z.

We use the ∩-MUL-R rule to rewrite the resulting type as

(X ⊗ X) ∩ (cos θ · I ⊗ X + sin θ · Z ⊗ Y).

Now, measurement has

Meas 1 : (cos θ · I ⊗ X + sin θ · Z ⊗ Y) →
[(Z ⊗ I) ∩ (I ⊗ (cos θ · X + sin θ · Y))] ∪ (measured 0)
[((−Z) ⊗ I) ∩ (I ⊗ (cos θ · X − sin θ · Y))] (measured 1)

On outcome 0 the output type is M.

On outcome 1 we need to apply U2 to obtain type M.

Determining Separability

Single qubit separability

The following conditions allow us to determine if some single qubit

is separable from the rest of the system.

Proposition: For any 2×2 unitary, Hermitian matrix U , the eigen-
states of Ii−1⊗U⊗In−i are all vectors of the form |φ〉⊗|u〉⊗|ψ〉
where |u〉 is an eigenstate of U and |φ〉 , |ψ〉 are arbitrary states.

For our basic types made of Pauli matrices that are both Hermitian

and unitary, we get:

Result: Every term of type Ii−1 ⊗ U ⊗ In−i is separable, for any
U ∈ {±X,±Y,±Z}. That is, the ith factor has typeU and is not

entangled with the rest of the system.

We define Ai to be the n-qubit type where the i
th factor has type

A and is separable for the rest of the system.

|0〉 ⊗ |+〉 : (Z ⊗ I) ∩ (I ⊗ X) ≡ Z1 ∩ X2

Multi-qubit separability

Using a fact from [2] that the joint eigenspace of k independent,
commuting k-qubit Pauli operatorswhere each operator has eigen-
value +1 has dimension 1, we get condition to determine multi-qubit
separability:

Result: Let K ⊂ {1, . . . , n} with |K| = k. Every intersection

type that contains the term
⋂k
j=1

(
U(j) ⊗ In−k

)
where each of

the U(j)s acts on K , is pair-wise commuting and independent

such that the factors in K are separable from the rest.

Let (U)K denote the type such that qubits inK are separable from

the rest of the system.

Let |ψ〉 : (X ⊗ I ⊗ X ⊗ I) ∩ (Z ⊗ I ⊗ Z ⊗ I) ∩ (I ⊗ Z ⊗ I ⊗ X).
Here, (X ⊗ X) and (Z ⊗ Z) on qubits {1, 3} are independent
and commuting. Hence, |ψ〉 : (X⊗X∩Z⊗Z)1,3 ∩ (Z⊗X)2,4.

Error Correcting Codes

Definition. Given a stabilizer code with generators g1, . . . gk and log-
ical operators X,Z , our logical qubit types are

ZL := g1 ∩ · · · ∩ gk ∩ Z XL := g1 ∩ · · · ∩ gk ∩ X

For the Steane codewith transversalH and S gates, we derive

H7 : (XL → ZL) ∩ (ZL → XL)
S7 : (XL → YL) ∩ (ZL → ZL)

Similarly, we can show that CNOT is transversal while the T
gate is not as it doesn’t produce the desired type.

Typing controlled unitaries

The full type of a general n-qubit unitaryU is intractable to compute.
For (multiply-)controlled unitaries, we can infer their types.

Definition. Re(U) = 1
2(U + U†) and Im(U) = 1

2i(U − U†).

Lemma: If U : P → V(P) for any n-qubit Pauli P:
1. control-U : Z ⊗ I → Z ⊗ I.
2. control-U : X ⊗ I → X ⊗ Re(U) + Y ⊗ Im(U).
3. control-U : I ⊗ P → I ⊗ 1

2(P + V(P)) + Z ⊗ 1
2(P − V(P))

If U is also Hermitian, so is controlk-U for any k ≥ 1 and so also has
an additive type we denote CkU.

Theorem: CkU = I⊗(k+n) − 1
2k(I − Z)⊗k ⊗ (I⊗n − U).

In particular CkZ = I⊗(k+1) − 1
2k(I − Z)k+1.

Result: We have controlk-σz : Zj → Zj and

controlk-σz : Xj → Xj − 1
2k−1(I − Z)⊗(j−1) ⊗ X ⊗ (I − Z)⊗(k+1−j).

Putting the all the pieces together, we get

Result: Any Clifford + T circuit that synthesizes controlk-σz con-
tains at least (2k − 2) T gates.
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