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4/47



ARTHUR MERLIN GAMES

4/47



ARTHUR MERLIN GAMES

4/47



ARTHUR MERLIN GAMES

4/47



ARTHUR MERLIN GAMES

4/47



ARTHUR MERLIN GAMES

4/47



Way SHourp WE CARE?

» Mixing probability and nondeterminism is
powerful.

» Private vs. public coins matter.
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LET’s START WITH A DETERMINISTIC SEMANTICS...

o(a)=n

skip /o | o x:=a/ololx—n]
ci/odo’ o/d{o
c1;62 /ol o”

ob)=T c1/oldo
if bthencielsecy, /o | o
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For PoinT DisTRIBUTIONS [@ w=[0] | © By @]

o](a) = n

skip / [o] |} [o] x :=a/lo] | [ofx— n]
c1/l0]1© /64
c1;¢2 / o] § ©

ob)=T ¢ /[o]d0©
if bthencielsecy / o] | ©




Toss IN SOME PROBABILITY [@ w=[o] | © " @]

c1/lo]4O1 /o]0
(Cl Dy Cz) / [0’] I 6, Dy O,
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Toss IN SOME PROBABILITY [@ — o] | O, ]

c1/lo]4O1 /o]0
(Cl Dy Cz) / [0’] I 6, Dy O,
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AND LiIrT!

C/@1~U»@,1 C/@zll«@’z
C/@1@p@2“@/1@p@/2
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AND LiIrT!

c/0 10 /6,6,
C/@1@p@2ll@/1@p@l2

y =95
D1/3 D13

/NN

o1 op) oilly — 5] oy — 5
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Tue Toss CoMMAND
D13

D15 D12

TN

[ea]or  [e2]lon /5 ®1/5

[[Clj]az [[Cz\]]az [[Clj]as [[Cz\]]%
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Tue Skir COMMAND

D13

D1/3
o1 D12
02 03
skip skip
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Moreg DIRECT

D1y3 D1y3

01 D1/2 ---------- > D12

)] 03 (0] g3
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DirecT SEMANTICS
o(a) =n
x =a/06l| 0Ooix) — n

/010 /6"
c1;02 / © 4 O

P?’b<@1) =1 C1 / @1 ll @/1 Co / @Q U @6 P?’b(@o) =0
if bthenc elsec; / ©1 ®, O | O] ©, O

c1/04601 /0616,
(Cl @p C2)/@U@1 @p@z

skip /O || ©
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Direct Toss
C1 @% C2
D15

A NZN

o1 D12 o1 D12

(o)) 03 (0] 03
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THEe DisTINCTION

Recursive

c1 /o] § 6 2/ [o] | ©;
(tUc)/[o]lO1 (a1 Uc)/[o]l6;

VS.

¢,/ 016 /Ol 6;
(C1|_|C2)/@U@1 (C1L|C2)/@U@2

Direct
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Ler’s PLay A GAME!

Scissors

beats paper
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Ler’s PLay A GAME!

PF@@% @, D)
O=@LUGUSS
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Ler’s PLay A GAME!

C1 P:=©@% (@59%)
o O=@UGUS
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DirecT PLAY
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Direct PLAY C1: P:=©@% (®@%)
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DirecT PLAY cr 0= @ L @ L

D1/3
@® D1/2

®® o6
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DirecT PLAY cr 0= @ L @ L
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Recursive PLAY
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Recursive PLAy C1 . P1=©@1 (@69%)
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REcURsIVE PLAY cr 0= @ L @ L
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REcURsIVE PLAY cr 0= @ L @ L

D1/3

T

@ |[c:] D1/2

N

®][c] Sl



REcURsIVE PLAY cr 0= @ L @ LI

D1/3
@® D1/2

e e
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REcURsIVE PLAY cr 0= @ L @ L

D1/3
L D12

19/47



KNOWLEDGE

The two levels of operational semantics reflect
whether the adversary knows the outcome of
coin flips.
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LevELs oF KNOWLEDGE

1. Adversary is blind to probabilistic outcomes.
» Single choicein ((¢; U ¢2) & (c1 U ¢3))
» Distinct choices in ((c1 U ¢2) @ (c1 U c2)) (Direct)

2. Adversary can see current program state

3. Adversary recalls program history
(Recursive)

4. Adversary can foresee all outcomes.
» Single coin flipin ((¢1 & ¢2) U (a1 & ¢2))
» Distinct coin flipsin ((c1 & ) U (c1 @ c2))
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So...

What can we verify?
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VERIFICATION: DIRECT

{P} 1 {Q} {P}c{Q}

{P} (a1 U ) {Q}



VERIFICATION: RECURSIVE

{True} b := T {Pr(b) =1}
{True} b := F {Pr(b) =0}

{True} (b := T U b := F) {Pr(b) =1V Pr(b) =0}



VERIFICATION: RECURSIVE ®1/2

b=1 b=1

{True} b := T {Pr(b) =1}
{True} b := F {Pr(b) =0}

{True} (b := T U b := F) {Pr(b) =1V Pr(b) =0}
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VERIFICATION: RECURSIVE ®1/2

b= b=F
{True} b := T {Pr(b) =1}
{True} b := F {Pr(b) =0}
{True} (b :== T U b := F) {Pr(b) =1V Pr(b) =0}
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VERIFICATION: RECURSIVE ®1/2

b=T b=F
{True} b := T {Pr(b) =1}
{True} b := F {Pr(b) =0}
{True} (b :== T U b := F) {Pr(b) =1V Pr(b) =0}

Q cannot include disjunctions
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VERIFICATION: RECURSIVE

{Pr(b) = 3} skip {Pr(b) = 3}
{Pr( 2 b = —b {Pr(b) =

2}
b) =

b) = )
{Pr(b) = 3} (skip U b = =b) {Pr(b) = 3}



VERIFICATION: RECURSIVE ®1/2

b= b=F
{Pr(b) = 3} skip {Pr(b) = %}
{Pr(b) = 3} b := ~b {Pr(b) =
{Pr(b) = 3} (skip U b := —b)
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VERIFICATION: RECURSIVE ®1/2
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VERIFICATION: RECURSIVE ®1/2

b= b=F
{Pr(b) = 3} skip {Pr(b) = %}
{Pr(b) = 3} b = b {Pr(b) = 5}
{Pr(b) = %} (skip U b := —b) {Pr(b) %}
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VERIFICATION: RECURSIVE ®1/2

b= b=F
{Pr(b) = 3} skip {Pr(b) = %}
{Pr(b) = 3} b = —b {Pr(b) = 3}
{Pr(b) = %} (skip U b = —=b) {Pr(b) = %}

P cannot include probabilities in (0, 1)
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VERIFICATION: RECURSIVE

non-probabilistic P
{P} c1 {Q} non-disjunctive Q  {P} cx {Q}
{P} (a1 U ) {Q}
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COMPOSITIONALITY

(Cl L C2);(C3 L C4)
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COMPOSITIONALITY

{P} (c1 U c2);(c3 U cq) {R}
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COMPOSITIONALITY

{P} (c1 U c2) {Q} (c3 U ca) {R}
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COMPOSITIONALITY

{P} (c1 1) {OF (3 U ca) {R}

27/47




COMPOSITIONALITY

non-probabilistic P
non-disjunctive Q

(P} (c1 1 c2) {OF (e3 U ca) {R}

27/47



COMPOSITIONALITY

non-probabilistic P
non-disjunctive Q

{P} (c1 U c2) {OF (c3 U ca) {R}
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COMPOSITIONALITY

non-probabilistic P non-probabilistic Q
non-disjunctive  non-disjunctive R

{P} (c1 U c2) {OF (c3 U ca) {R}
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COMPOSITIONALITY

non-probabilistic P non-probabilistic Q
non-disjunctive QO  non-disjunctive R

{P} (c1 U c2) {Q} (c3 U ca) {R}
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APPLICATIONS

Are private coins applicable?
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GAME THEORY

Theorem (Minimax Theorem)

For every two-person, zero-sum game with finitely many
strategies, there exists a value V and a mixed strateqy for each
player, such that

1. Given player 2’s strategy, the best payoff possible for player 1
is V,and

2. Given player 1's strategy, the best payoff possible for player 2
is =V.
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GAME THEORY

» game <= program with nondeterminism
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GAME THEORY

» game <= program with nondeterminism

v

zero sum <= returns a single value

v

finitely many strategies <= no unbounded loops

v

mixed strategy <= choice of p, g, r annotating the ®s
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GAME THEORY

Theorem (Minimax Theorem Restated)

Any finite program combining probability and nondeterminism
with a single output value has a dual program with the
probabilistic and nondeterministic choices inverted, that returns
the same value in the worst case.
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GaME THEORY QUESTIONS

» Can we use this to find and prove Nash Equilibria in
games?

» Does this yield useful generalizations of Nash
Equilibrium?

» Can we discover useful compositionality results from
this formulation?
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More OPEN QUESTIONS

» How does a semantics using infinite bit streams
compare to our distribution semantics?

» Can we enumerate the possible interactions between
probability and nondeterminism via algebraic
equivalences?

» Can we extend KAT to
probabilistic-nondeterministic programs?

» Can we translate between Direct and Recursive
Semantics?
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