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A PROGRAM TO ANALYZE

Rabbit Hunting
i:=0
caught :=F

while i < n do
rabbit := UNTFORM(k)
hunter := UNIFORM(k)
caught := caught v (hunter = rabbit)
i=i+1
end while
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A PROGRAM TO ANALYZE

Rabbit Hunting

{Pr(True) = 1}

i:=0

caught :=F

whilei < n do
rabbit := UNTFORM(k)
hunter := UNIFORM(k)
caught := caught v (hunter = rabbit)
i=i+1

end while

{Pr(caught) =7}
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COMPARISON

P Full While
aper Distributions Loops
Ramshaw, 1979 Partial

Den Hartog & De Vink, 2002 Partial
Chadha et. al., 2007

VPHL
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PRrRINCIPLES

» Simple
» Full Distributions
» Truth-functional propositions
» Resembles standard Hoare-logic

» Reliable

» Rigorously verified deductive system
» Can be safely extended
» Powerful

» Support for non-termination
» Capable of analyzing standard randomized
algorithms
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A ProsasiLisTIC LANGUAGE

Classic Imperative Language Imp:

0 :id — value

Probabilistic Imperative Language PrImp:

©:60—[0,1]
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REPRESENTING DISTRIBUTIONS

Full Distributions with Finite Support
> e =1
0

Requiring finite support it allows us to represent
distributions using a simple inductive structure.
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REPRESENTING DISTRIBUTIONS

D1/3
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REPRESENTING DISTRIBUTIONS

D1/3
D12 03
/\ O(63) = 2
61 6,
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REPRESENTING DISTRIBUTIONS

D1/6
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REPRESENTING DISTRIBUTIONS

D1/6
th D15
o(f) = 1 /\
0, 03
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PROBABILITY

For a boolean expression b and distribution ©:

Pro(b Z{@ | bis true in 0}
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PROBABILITY

For a boolean expression b and distribution ©:

Pro(b Z{@ | bis true in 0}
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PROBABILITY

For a boolean expression b and distribution ©:

Pro(b Z{@ | bis true in 0}

O1)=1/6 O(fh)=1/6 ©O() =2/3
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PROBABILITY

For a boolean expression b and distribution ©:

Pro(b Z{@ | bis true in 0}

) =1/6 Ofh)=1/6 ©O(f) =2/3
91 (X) =1 92(3() =2 Qg(X) =3

Pro(xodd) =1/6+2/3=5/6
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PROBABILITY

Tautology

For any distribution © and tautology T
Pro(T) =1
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PROBABILITY

Complement

For any distribution © and boolean b:

PV@(ﬁb) =1- PT@(b)

13/32



PROBABILITY

Marginalization

For any distribution © and booleans 4, b:

Pro(a) = Prg(a A b) + Prg(a A —b)
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Primp COMMANDS

[c]l®n/

D12 03

01 ‘92
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Primp COMMANDS

D1/3

[e]®1/2 €165

01 ‘92
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Primp COMMANDS

D1/3

D12 [c]6s

[c]61 [c]02
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Primp COMMANDS

c=y :=toss(3)

D1/3

/\

D12 [c]6s

/\

[c]61 [c]02
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Primp COMMANDS

c=y :=toss(3)

D1/3
D1/2 D15
B1/5 ®1/5 O3ly — T| O3]y — F]

~ ~
N N
~ -’

’ ~ ’ ~

’ ~ ’ ~
-’ -’

by =T Oily = F| boly > T] Ooly — F]
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VPHL: Hoare Logcic

Definition: {P} ¢ {Q}

PO) c/0]6
Q&)
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VPHL: Hoare Logcic

Truth-functional assertions over full
distributions

P,Q:=Pr(B)=p|Pr(B)<p|Pr(B)>p
| PAP|PVP
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Basic RuLEs

PP—P {P}c{Q} Q-
{P'} ¢ {Q'}

Consequence

Sklp {P} skip {P} {P[z > 8]} z:=e€ {P} ASSign

(Pre{Q) {Qe

{R}
{P} c1; c2 {R} Sequence
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Tue Toss RULE

y free in P
{P}y :=toss(p) {P<}

Toss
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Tue Toss RULE

y free in P -
0SS
{P}y :=toss(p) {P<}
[Pr(b) =al<y=  Pr(bAy)=pa A

Pr(b A—y) = (1—p)a
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Tue Ir RUuLE

¢ =if ythenc;elsec
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¢ =if ythenc;elsec

D1/3

T

D12 [c] 65

TN

[c]64 [c]62
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Tue Ir RUuLE

¢ =if ythenc;elsec

D1/3
D12 [c] 65
[c]6: [c]62

where 61(y) =T,0,(y) =Fand 65(y) =F
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Tue Ir RUuLE

¢ =if ythenc;elsec

D1/3
D12 [c2]05
[c1] 01 [c2] 02

where 61(y) =T,0,(y) =Fand 65(y) =F
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Tue Ir RUuLE

¢ =if ythenc;elsec

D16

T

[e1]64 D15

PN

[c2] 02 [c2]05
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Tue Ir RUuLE

¢ =if ythenc;elsec

D16

/\

1 C2

N
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Tue Ir RUuLE

¢ =if ythenc;elsec

D16

/\

{P1 Ay} e {Q1} {P2 A=y} o {Q2}

N
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Tue Ir RUuLE

¢ =if ythenc;elsec

{Pr(y) =p API APy} e {Q) A Qo)

/\

{P1 Ay} e {Q1} {P2 A=y} o {Q2}

N
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Tue Ir RUuLE

Why P}?

» Scaling — we have to normalize the
probabilities in each branch

» Conditioning on the guard — we need to
avoid conflict
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Tue Ir RUuLE

Why P}?
» Scaling — we have to normalize the
probabilities in each branch
Pr(b) =a= Pr(b) =p=xa
» Conditioning on the guard — we need to
avoid conflict
Pr(b) =pxa= Pr(bANy) =p=*a
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APPLYING THE IF RULE

UNIFORM(3)

Uy = toss(%);
if u; then
x:=3
else
Up := toss(%);
if u, then
x:=2
else
x:=1
end if

end if
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APPLYING THE IF RULE

UNIFORM(3)
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end if
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APPLYING THE IF RULE

UNIFORM(3)
{Pr(True) =1} uq := toss(%); {Pr(uy) = %}
if u; then
{Pr3=3)=1}x :=3{Pr(x=3) =1}
else
{Pr(True) =1} up := toss(%); {Pr(u) = 3}
if u, then
{Pr(2=2)=1}x :=2 {Pr(x =2) =1}
else
{Pr(l=1)=1}x:=1{Pr(x=1) =1}
end if

end if
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APPLYING THE IF RULE

UNIFORM(3)
{Pr(True) =1} uy := toss(%); {Pr(uy) = %}
if u; then
{Pr3=3)=1}x:=3{Pr(x=3) =1}
else
{Pr(True) = 1} up :=toss(3); {Pr(uo) = 5}
if u, then
{(Pr2=2)=1}x :=2{Pr(x=2) = 1}
else
{Prl=1) =1} x:=1{Pr(x=1) =1}
end if

{Pr(x:ZAuZ):%/\Pr(x:1/\ﬁu2):%}
end if
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APPLYING THE IF RULE

UNIFORM(3)
{Pr(True) =1} uy := toss(%); {Pr(uy) = %}
if u; then
{Pr(3=3)=1}x :=3{Pr(x=3) =1}
else
{Pr(True) =1} up := toss(%); {Pr(up) = %}
if u, then
{Pr(2=2)=1}x :=2{Pr(x =2) =1}
else
{Pr(l1=1)=1}x:=1{Pr(x=1) =1}
end if

(Prx=2)> JAPrx=1) > }}
end if

24/32



APPLYING THE IF RULE

UNIFORM(3)
{Pr(True) =1} uy := toss(%); {Pr(uy) = %}
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APPLYING THE IF RULE

UNIFORM(3)
{Pr(True) =1} uy := toss(%); {Pr(uy) = 3}
if u; then
{Pr3=3)=1}x =3 {Pr(x =3) =1}
else
{Pr(True) =1} up := toss(%); {Pr(up) = %}
if u, then
{Pr(2=2)=1}x :=2{Pr(x =2) =1}
else
{Pr(l1=1)=1}x:=1{Pr(x=1) =1}
end if

{Pr(x=2)=3APr(x=1)=
end if

}

N[—
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APPLYING THE IF RULE

UNIFORM(3)
{Pr(True) =1} uq := toss(%); (Pr(uy) = %}
if u; then
{Pr(3=3)=1}x :=3{Pr(x =3) =1}
else
{Pr(True) =1} up := toss(%); {Pr(up) = %}
if u, then
{Pr2=2)=1}x :=2{Pr(x=2) =1}
else
{Prl=1)=1}x:=1{Pr(x=1) =1}
end if
{Pr(x =2) = % APr(x=1)= %}
end if

{Prix=3) =1 APr(x=2) = 1 APr(x=1) = §}
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TaeE WHILE RULE

We want to guarantee that the program
terminates in some number of steps 7,
assuming that it terminates.
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TaeE WHILE RULE

The Deterministic Invariant guarantees
that the guard takes on a deterministic
value.

The Probabilistic Invariant preserves a set
of probabilities throughout loop
execution.
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DETERMINISTIC INVARIANT

Rabbit Hunting
while i < n do

rabbit := UNIFORM(k)

hunter := UNIFORM(k)

caught := caught v (hunter = rabbit)
i=i41

end while
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{3m<n:Pri=m)=1APr(i <n)=1}

rabbit := UNIFORM(k)

hunter := UNIFORM(k)

caught := caught v (hunter = rabbit)
i=i41

end while

27/32



DETERMINISTIC INVARIANT

Rabbit Hunting

whilei < n do
{m<n:Pri=m)=1APr(i<n)=1} —
{Im<n:Prii+1=m)=1}
rabbit := UNIFORM(k)
hunter := UNIFORM(k)
caught := caught v (hunter = rabbit)
i=i41

end while
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DETERMINISTIC INVARIANT

Rabbit Hunting

whilei < n do
{m<n:Pri=m)=1APr(i<n)=1} —
{Im<n:Prii+1=m)=1}
rabbit := UNIFORM(k)
hunter := UNIFORM(k)
caught := caught v (hunter = rabbit)
i=i41
{3Im <n:Pr(i=m) =1}

end while
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PROBABILISTIC INVARIANT

Rabbit Hunting

whilei < ndo

rabbit := UNTFORM(k)
hunter := UNIFORM(k)

caught := caught \/ (hunter = rabbit)
i:=i+1

end while
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PROBABILISTIC INVARIANT

Rabbit Hunting

whilei < ndo

{Pr(—caught) = (%)l}
rabbit := UNTFORM(k)
hunter := UNIFORM(k)

caught := caught \/ (hunter = rabbit)
i:=i+1

end while
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PROBABILISTIC INVARIANT

Rabbit Hunting
whilei < ndo ,
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PROBABILISTIC INVARIANT

Rabbit Hunting
whilei < ndo ,
{Pr(—caught) = (%)l}
rabbit := UNTFORM(k)
hunter := UNIFORM(k)

) rop)\ it
{Pr(—caught N\ hunter # rabbit) = (T) }

caught := caught \/ (hunter = rabbit)
i:=i+1

{Pr(—caught) = <k;—1>l}

end while
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CATcHING RABBITS

Rabbit Hunting

{Pr(True) = 1}
i:=0
caught :=F

whilei < n do
rabbit := UNTFORM(k)
hunter := UNIFORM(k)
caught := (hunter = rabbit) \V caught
i=i+1
end while
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CATcHING RABBITS

Rabbit Hunting

{Pr(True) = 1}

i:=0

caught :=F

{Pr(—caught) =1 APr(i =0) =1}

whilei < n do
rabbit := UNTFORM(k)
hunter := UNIFORM(k)
caught := (hunter = rabbit) \V caught
i=i+1
end while
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CATcHING RABBITS

Rabbit Hunting
{Pr(True) = 1}
i:=0
caught :=F
{Pr(—caught) =1APr(i=0)=1} —

{Pr(—caught) = (k%)l ANdm<n:Pr(i=m)=1}
whilei < n do

rabbit := UNTFORM(k)

hunter := UNIFORM(k)

caught := (hunter = rabbit) v caught

i=i+1
end while ‘

1

{Pr(—caught) = <k%1) APr(i=n)=1}
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CATcHING RABBITS

Rabbit Hunting
{Pr(True) = 1}
i:=0
caught :=F
{Pr(—caught) =1APr(i=0)=1} —

{Pr(—caught) = (k%)l ANdm<n:Pr(i=m)=1}
whilei < n do
rabbit := UNTFORM(k)
hunter := UNIFORM(k)
caught := (hunter = rabbit) v caught
i=i+1
end while
{Pr(—caught) = <;1) APr(i=n)=1} —

3
{Pr(caught) =1 — (le)n}
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ProBABILISTIC TERMINATION

What about programs that terminate
probabilistically?
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ProBABILISTIC TERMINATION

What about programs that terminate
probabilistically?

{ Pr(True) =1}

y = toss(%),‘

if y thenx :=4 else loop
{Pr(x=4)=?}
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SOUNDNESS

Theorem

All of the VPHL rules are sound with
respect to the semantics of PrImp.
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VERIFIED

https://github.com/rnrand/VPHL
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https://github.com/rnrand/VPHL

FIN

Thank You Questions?

https://github.com/rnrand/VPHL
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