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We show that Gottesman’s (1998) semantics for Clifford circuits based on
the Heisenberg representation gives rise to a lightweight Hoare-like logic for effi-
ciently characterizing a common subset of quantum programs. Our applications
include (i) certifying whether auxiliary qubits can be safely disposed of, (ii) de-
termining if a system is separable across a given bi-partition, (iii) checking the
transversality of a gate with respect to a given stabilizer code, and (iv) comput-
ing post-measurement states for computational basis measurements. Further,
this logic is extended to accommodate universal quantum computing by de-
riving Hoare triples for the T-gate, multiply-controlled unitaries such as the
Toffoli gate, and some gate injection circuits that use associated magic states.
A number of interesting results emerge from this logic, including a lower bound
on the number of T gates necessary to perform a multiply-controlled Z gate.

1 Introduction

Quantum programs are notoriously complex in both the traditional and computational
sense: They are hard to write correctly and extremely expensive to simulate. The same
applies to program logics for quantum programs: It can be hard to come up with an
assertion about a quantum program (typically an observable or a projector), and it is
doubly hard to prove that it holds upon execution of a program. Typically this will either
involve complex calculations or high-level reasoning. To address this problem, we propose
a logic that uses the stabilizer formalism for efficient reasoning about Clifford circuits. We
extend this system to handle universal quantum gate sets, both by explicitly adding the T°
gate and by showing how to handle arbitrary unitary gates. We also expand the system to
handle measurement on stabilizer circuits and a restricted set of Clifford+7 circuits. This
system is designed for efficient analysis: In particular, given a precondition and a Clifford
circuit, we can derive the most general postcondition in linear time. Given a non-Clifford
circuit, determining the postcondition will double in the worst case for each non-Clifford
gate in the circuit.

The starting point to understanding our system is the Heisenberg interpretation of
quantum mechanics. This interpretation treats quantum operators as functions on opera-
tors rather than on quantum states. For instance, given an arbitrary quantum state |¢),
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the Hadamard operator H satisfies
HZ|¢) = XH |¢). (1)

In other words, the operator H can be viewed as a function that takes Z to X and similarly
takes X to Z. Gottesman [14| used this representation to present the rules for how the
Clifford set (H, S and CNOT) operates on Pauli X and Z matrices. Hence, we can use
Hoare-style triple to describe the action of H on both the X and Z operators.

X} H {z} {Z} H {X} (2)

Note that it suffices to just specify how H acts on X and Z as we can derive the action of
H on'Y by treating the operator Y as iXZ (since o, = io,0,). More specifically,

HY |¢) = H(iX Z)|9)
= i(HX)Z[y)
=i(ZH)Z|¢)
=iZ(HZ)[¢)
= iZXH 1)
= —YH|[{)

Throughout this work, we develop a logic motivated by this interpretation of Pauli
matrices as predicates. Formally, the syntax of the logic, as found in Figure 4 and Figure 5,
is axiomatic with the semantics described above being a sound interpretation. For example,
we can represent the general form of this last deduction by the following deductive rule:

{X} U {A}  {Z} U {B}
(Y} U {iAB}

Here A and B are assumed to be Paulis, so the product of A and B is simply the third
Pauli, possibly negated or multiplied by i. This is indicative (and a special case) of the
kinds of rules we will use throughout the paper.

In Gottesman’s paper, the end goal was to fully describe quantum programs and prove
the Gottesman-Knill theorem, which shows that any Clifford circuit can be classically
simulated efficiently. Our goal is to take the rules in eq. (2) and use them as a starting
point to build a logical system for characterizing quantum programs (§2). Furthermore,
we move beyond Clifford circuits and expand the predicates to characterize some magic
states, the T' gate, and other gates in the Clifford hierarchy (§7). A key feature of our
system is that the predicates correspond to unitary Hermitian operators: when restricted
to stabilizer quantum computing, these are (tensor products of) Pauli matrices, and for
universal quantum computing, they are general unitary Hermitian matrices. Notationally,
we use uppercase letters U, V,... to denote unitary gates or matrices and the boldface
U,V,... to denote the corresponding predicates.

The semantics of stabilizer predicates In our system, a judgment of the form
P(|¢)) admits a straightforward interpretation: |[¢) is a +1 eigenstate of P. As a re-
sult, {A} U {B} means that U maps a +1 eigenstate of A to a +1 eigenstate of B. This
closely mirrors the stabilizer formalism used for error correcting codes [13]. It works well as
long as we restrict to Clifford circuits and are fine with very coarse judgments in the face of




measurements. However, for more accurate judgments when measurements are performed
and to work with more general gates, we will associate P(|¢))) with the fact that |¢) lies
in the image of the projection I1}; := (I 4+ P) i.e., (I + P)[¢) = [¢).

We use the tensor operand ® to represent multi-qubit predicates. Using our first
interpretation, |¢) satisfies A ® B if |¢) is a +1-eigenstate of A ® B. Observe that this
does not restrict |¢) to be a product state |¢1) ® |p2) such |¢p1) satisfies A and |¢p2) satisfies
B. For instance, A ® B holds of |¢)') when [¢)') = |¢)) ® |¢)) such that —A(|#))) (i-e., |¢])
is a —1-eigenstate of A) and —B(|¢))). Moreover, arbitrary superpositions of |¢) and [¢’)
also satisfy A ® B.

In our predicate language, conjunction and intersection coincide: if [¢)) is a +1-eigen-
state of both A and B, then it satisfies A N B. Note that for this to hold A and B must
commute, because Pauli operators that do not commute will instead anticommute and
have no common eigenvectors. In our projection semantics, a |¢)) that satisfies P N Q is
simultaneously in the image of the two projections H; and Ha

Finally, we use disjoint unions to represent post-measurement states when the outcome
is probabilistic. In this case, (A & B)(|1))) denotes that |¢) is either a +1-eigenstate A or
a +1-eigenstate of B, without making any claims to the likelihood of which case is true.
In the measurement context, it means that one outcome results in the system satisfying
A and the other outcome satisfies B. In our projection semantics, it implies that |¢) is
either in the image of H*Af or in the image of HE.

While our statements about intersection and union are focused on the stabilizer formal-
ism, and hence refer to Pauli types, they extend to commuting additive predicates as well.
For additive predicates, failing to commute does mean they must anticommute and hence
in complete generality the situation can be quite complex. In particular, the projection
semantics of additive predicates is a traditional quantum logic, or orthomodular lattice of
subspaces, for which the analogue of union (span of the two subspaces) does not distribute
with the intersection.

Applications Our syntax and derivation rules for Clifford circuits and stabilizer states
are methodically developed in §2. The full list of our rules are in Figures 4 and 5. The
most straightforward use of our system is in characterizing properties of Clifford circuits,
particularly entanglement and separability. For the textbook case of Deutsch’s algorithm,
we are easily able to verify three key properties: (i) the first qubit is |0) whenever the
function is constant, (ii) the first qubit is |1) whenever the function is balanced, and (iii)
that the two qubits are never entangled, and therefore the second can be safely discarded.
These are three common and broadly useful properties to check.

Ideally, our predicates would be unique: any A and B that have the same set of
eigenvectors should be equal. This would allow us to prove program equivalence, given
fully descriptive predicates for a program (see §2.6). While this uniqueness does not hold
by construction, we can obtain a canonical representation for our predicates that guarantees
this property. Inspired by the row echelon form of a matrix, we describe in §3 an efficient
algorithm to generate a canonical representation for intersections of predicates. This allows
us to use our logic to efficiently track whether a given sub-system is separable from the
rest of the system in §4. In §4.3, we generate and then disentangle a GHZ state %QOOO) +
|111)) to show how the logic is capable of tracking both the creation and destruction of
entanglement.

A crucial method used by quantum circuits to extract or output classical information
is measurement (usually in the computational basis). It is challenging to tune our logic to
accommodate measurement in light of the fact that it requires managing the operation on




all the basis states, unlike the evolution of a single Pauli operator. However, measurement
on stabilizer states is well understood, and this allows us to construct a procedure to
generate a measurement outcome and post-measurement as discussed in §5. In particular,
when the measurement outcome is random, we use disjoint unions to capture the fact that
the system could be in one of several states, depending on the outcome. As a simple
example, applying a z-basis measurement on an X qubit to get a random 0 or 1 outcome
is represented as

{X} Meas {Zw —-Z}

Using all the elements described above, in §6, we demonstrate how our logic can be
used to verify the working of a stabilizer error correcting code (the Steane code on 7
qubits [30]). Specifically, we (i) derive a predicate for a logical qubit in the Steane code;
(ii) verify that the encoding circuit constructs the appropriate logical qubit state; and (iii)
show the transversality of the H and S gates as well as the non-transversality of the T
gate for the Steane code.

Additive predicates and their applications All the ideas discussed up to this point
deal with the realm of stabilizer states and Clifford circuits, which are not universal for
quantum computing. For instance, while we can add the axiom {Z} T {Z} to our system,
the stabilizer formalism is incapable of expressing the action of the T gate on X. We
address this shortcoming by developing additive predicates in §7, which are expressed as
linear combinations of our basic predicates. This allows us to express the action of T on
X as (X} T {H(X+Y)}.

Since the T-gate is not the only way to achieve universal quantum computation, we
produce a straightforward algorithm for adding new gates to the system (such as the Toffoli)
by fully deriving their corresponding rules. A particularly nice application has to do with
multiply-controlled Z gates, which have very succinct postconditions when applied to X
or Z qubits. In fact, comparing their derived rules to that of the T" gate, we can easily
show that synthesizing an n-controlled Z-gate requires at least (2n — 2) T-gates.

In §8, we discuss how to determine the postcondition of a single-qubit computational
basis measurement given one- and two-qubit additive preconditions. Putting these pieces
together in §8.3, we derive rules for gate injection circuits that use associated magic states
to implement non-Clifford circuits. We focus on single-qubit unitaries that correspond to
a rotation about the Z axis, i.e., that rotate qubits in the X/Y-plane by some angle 6.

Applying the logic in practice. We conclude with a discussion on the complexity of
determining the most descriptive postcondition given a program and a precondition in §9.
Unsurprisingly, fully characterizing a circuit with high T-depth proves to be intractable in
the general case. However, proving interesting properties of circuits with a few T gates
is often quite possible. Moreover, Clifford circuits can be efficiently characterized to any
degree of precision, allowing us to flexibly analyze a broad range of quantum programs.
Note that efficiency here means that the procedure scales linearly with the number of gates
in the operation and polynomially in the size of the system.

We place our work in the context of related work in §10 and discuss possible future
applications and extensions to this system in §11.




2 Our Hoare-style Logic and its Semantics

Here we present the internal syntax of our predicates and several semantic interpretations.
We will extend this to more general predicates in §7 below. Our atomic predicates corre-
spond to the Pauli matrices and are denoted X, Y, Z. We denote basic operators (or gates)
by H, S, CNOT and later T.

2.1 A Simple Quantum Language

Our language is given by the following grammar:
g:=Hi|Si|CNOT ij|Ti|Measi|g;g

where the semicolon corresponds to sequencing. T and Meas are both significantly more
difficult to reason about than the other operators and will have their own sections devoted
to them. Note that we can express other common operators like X, CZ, T, and CCX (or
TOFF) in terms of the operators above. We will introduce each of these in this and derive
their associated pre- and postconditions.

2.2 Atomic Predicates

Our core interpretation for X,Y and Z is that each of these predicates is inhabited by a
single qubit state, the +1-eigenstate of the Pauli operators 0,0y, and o.. The following
judgments hold using the standard quantum computing notation:

X(+) YD) Z(|0)

We can also negate these operators to obtain their —1-eigenstates:

-X(=)  =Y(=9)  -Z()

Note that we can equally well read —X(|—)) as “|—) is a +1-eigenstate of —X” or “|—) is
a —l-eigenstate of X”. We prefer the former since it will generalize better to multiplication
by numbers other than —1 in subsequent sections.

Unlike X, Y, and Z, every single-qubit state is a +1 eigenvector of I:

Vi), 1([¢))

In this sense, I corresponds to the proposition “True”.

Note that all of our atomic predicates correspond to unitary and hermitian operators.
This ensures that they all have +1-eigenstates. In fact, throughout this paper, our predi-
cates will be unitary and hermitian and, with the exception of I (and I tensored with itself)
of trace 0. This guarantees that they have an equal number of +1 and —1 eigenstates.

2.3 Basic Hoare Triples and Sequencing

To define our basic Hoare triples, we turn to the characterization of H, S and CNOT by
Gottesman [14]:

Proposition 1. Given a unitary U : A — B in the Heisenberg interpretation, U takes
every eigenstate of A to an eigenstate of B with the same eigenvalue.




Proof. From eq. [1] in Gottesman [14], given a state |¢)) and an operator U,
UN |) = UNUTU [4) .

In the Heisenberg interpretation, this can be denoted as U : N — UNUT. Suppose that
|1) is an eigenstate of N with eigenvalue A and let |¢) denote the state after U acts on [¢)).
Then,

A¢) = U\ |¥) = UN|y) = UNU'U [y) = (UNUT) |9).

Hence, |¢) is an eigenstate of the modified operator UNUT with eigenvalue . O

Therefore, in our logic, {A} U {B} will mean that U takes a 41 eigenstate of A to a
+1 eigenstate of B.

As a result, our basic Hoare triples for H and S follow precisely from Gottesman (we
will postpone the introduction of CNOT until the next section):

(X} H {Z} {2z} H {X} X} S{Y} {Z} S{Z}

So, for instance, H' takes |+) to |0).

Note that every qubit is an +1-eigenstate of I, and similarly, every quantum state is an
+1-eigenstate of I* (our notation for I®*¥ where k is the number of qubits in the system)
so we have the following rule for any single qubit unitary U:

oo

We adopt the standard sequencing rule from Hoare logic:

{A} p1 {B} {B} p2 {C} s50
{A} pi;p2 {C} (3)

For instance, here is our derivation of the postcondition for applying Z = S;5 to a
state satisfying Z:

{2z} 5 {7} {2z} 5 {7}
{z} 5;5 {Z}

Since S has Y as a postcondition given the precondition X and our basic Hoare judg-
ments only have X and Z preconditions, we will need to introduce rules for coefficients
and multiplication that generalize the Y rule presented in the introduction:

{A} p {B} (A} p (B} {C}p{D}

(cA} p {cB} ~MF (AC} p (BD} vt (4)

SEQ

In SCALE, ¢ can be any complex number, although in any derivation that stays within the
Clifford group, non-vacuous predicates will only use ¢ € {—1,i,—i}. We should note that
there is no matrix multiplication happening when we apply the MUL rule: There are only
16 possible combinations of two Paulis, each of which produces a Pauli, so we can efficiently
simplify these symbolically. The same is true for ¢ € {1,—1,4,—i}. We should also note

1For readability, we use U as shorthand for U applied to qubit 1 when U is a one qubit unitary, and V
as shorthand for V' 1 2 when V' is a two-qubit unitary, particularly when these are applied to one- and
two-qubit states, respectively. We discuss applying unitaries to larger states in §2.4.




that many intermediate deductions will prove vacuous: For instance, we can easily derive
that {XZ} H {ZX} which simplifies to {—iY} H {iY}. In itself, this is not useful, as
neither —7Y nor Y have +1-eigenvectors. However, by applying the scale rule with ¢ = i,
we get {Y} H {—Y}, which is certainly meaningful.

We can now derive a postcondition for Z given the precondition X:

Xy sy} (zps{z

- {XZ} S {YZ} SCALE
(X} 5 {Y} (Y} S {iYz} .
(X} 5:5 {-X) °

In this deduction, XZ is simply a notation for —iY included for readability. Likewise,
YZ is simply iX.

Defining X as H; Z; H and Y as S; X; Z; S, we can similarly verify that {X} X {X},
{Z} X {-Z},{X} YV {-X},and {Z} YV {-Z}.

2.4 Predicates over multi-qubit systems

In order to do anything interesting, we're going to need to consider multi-qubit systems.
We can write a predicate P1 ® Py ® - -+ ® P, for Pauli predicates P; to characterize an n
qubit system following our semantics. We use T|[i] to refer to P; from that tensor product
and U i to apply U to the i qubit in a quantum state. We can therefore introduce the
following rule for applying a single-qubit operator to a multi-qubit state:

T[] = A U:A—>B®
(T} Ui {Tli~B]} (5)

Here T{i — B} replaces the predicate for the ith qubit in the tensor product with B.
We can now introduce the Hoare triples corresponding to Gottesman’s rules for CNOT"

(X@I} CNOT {X&X} (Ie X} CNOT {I®X}

{Z®1} CNOT {Z®1} {I®Z} CNOT {Z® Z}
To apply CNOT to multi-qubit states, we’ll need a new rule:

Ti=A T[jl=B {A®B}U {CeD}
(T} Uij {T[i~ C;j— DI}

2

(6)

Note that we’ll often need to use this in conjunction with the MUL rule, where multi-
plication distributes over addition. Consider this simple derivation:

(ZeYeX)1]=2Z (ZoYeoX)[3=X
(Z®TI} CNOT {Z®1} {I®X} CNOT {I®X}
{Z® X} CNOT {Z&X}

{ZeY®X} CNOT 13 {Z®Y @ X}

MUL

(295

Note that multiplication distributes componentwise over tensors. Note that sometimes
we will obtain a coefficient of —1 when multiplying two terms; we move these to the outside
of the tensor so that X ® —Z becomes —(X ® Z) (the parentheses are generally not needed
as a result).




We note that the identity rule also applies to the CNOT gate:

I
(I} CNOT {I®I} *

On this basis, it is easy to show that I¥ is a universal predicate for all quantum programs,
where I¥ corresponds to I%* and k is greater than or equal to the number of qubits in our
program.

2.5 Intersections and Consequence Rules

If we want to fully describe an operator’s behavior, we need to add conjunctions; or, from
the perspective of describing a set of eigenstates, intersections. The derivation rule for
intersection is exactly what we would expect:

(A} p {B} {C}p{D}
{ANC} p {BND} (7)

Of course, if {A} p {BNC} is a valid triple, then {A} p {B} should as well -
we're simply weakening the postcondition. Similarly, we should be able to strengthen the
precondition to A N E, even if this winds up being the empty set. This brings us to the
rule of consequence:

A=A {Alg¢g{Bl B=B
{A'} g {B'}

Note that = is not general implication: In order to make the logic simple and syntax
directed, we do not want to allow for arbitrary linear algebraic or even logical rewriting
in the predicates. Instead, we have a small number of implication rules, mostly related
to intersections (the remaining rules will appear with their associated connectives and are
summarized in fig. 5):

CONS

ANB= A
ANB=BnNnA
ANBNC)< (ANB)NC

One linear algebraic rule is important and will be used repeatedly in our normalization
section (§3), however. Consider the following derivation for CNOT:

{(Ze®I} CNOT {Z®1} {I®Z} CNOT {Z®Z}
{(Z@INI®Z} CNOT {Z®INZ®Z}

This should become quite easy to interpret: Z ® I characterizes states where the first
qubit is |0) and I®Z does the same for the second qubit. Hence, their intersection describes
exclusively the state |00). However, while we can check mathematically that ZQINZ® Z
describes exactly the same state, it is rather less obvious from looking at it. Hence, we

introduce the rule
ANB< ANAB

where multiplication distributes component-wise over tensors.




The argument that this rule is sound is slightly subtle: if |¢)) : AN B then in our
semantics ) is a +1-eigenstate of both (multi-qubit) Pauli operators A and B. But
then |¢) is also a +1-eigenstate of AB. The converse is also true (as A% = I), and so
semantically, A N B and A N AB refer to the same set of states.

Hence we get

Z2RINZRZLZ=2ZQINZLZRZI~1R®Z

where ~» denotes simplification of predicates. Hence we can derive the desired triple

(Z®INI®Z} CNOT {ZoInlgZ}

2.6 Fully Descriptive Predicates

Finally, we will often want a complete description of a given gate or circuit C'. As in [14],
any Pauli operator can be generated as the tensor product of weight one Pauli operators,
so instead of making 2" judgements to characterize an n-qubit Clifford circuit C' it suffices
to make the 2n judgements

{I® - 9X® - @I} C {P;} and {I® - -QZ®---I} C {Q}

for each position j.
To succinctly give this characterization, it is useful to add new syntax and corresponding
deductive rule (note that this isn’t strictly part of the Hoare logic):

Vi, {Pi} p {Qi} |
{P1 P2 |- [[Pn}} p {Qu | Q2 |-~ | Qu}}

This gives us the following information-theoretically complete description of CNOT:

(X@I|IeX||ZoI|I®Z)} CNOT {XoX |IeX |Ze1| Z® Z)}

2.7 Example: Deutsch’s Algorithm

A complete list of our rules and grammar for Pauli predicates is given in Figures 4 and 5.
Here, we show an example of how we can apply these rules to make non-trivial judgments
about quantum programs.

Many quantum circuits introduce ancillary qubits that perform some classical compu-
tation and are then discarded in a basis state. Several efforts have been made to verify
this behavior: The Quipper [15] and Q# [32] languages allow us to assert that ancillae are
separable and can be safely discarded, while QWIRE allows us to manually verify this [26].
More recently, Silq [3] allows us to define “qfree” functions that never put qubits into a
superposition. We can use our logic to avoid this restriction and automatically guarantee
ancilla correctness by showing that the ancillae are discarded as they satisfy the predicate
Z and, more specifically, are separable from the rest of the system.

A simple example to demonstrate this ability to safely discard auxiliary qubits is
Deutsch’s algorithm [9]. Given a function f : {0,1} — {0,1}, the algorithm uses ora-
cle access to f and a single auxiliary qubit to determine if f has a constant value or is
balanced.

We want to show that the qubit y is never entangled with qubit = despite the appli-
cation of the oracle Uy : |z) |y) — |z) |y ® f(x)). In this case, it would be safe to discard
qubit y just after the dotted line in Figure 1 (i.e., even before measurement destroys any
hypothetical entanglement).




210 —xH, [meas |
g1y x| 7 TR 10)

Figure 1. Deutsch’s algorithm to check if f : {0,1} — {0,1} is constant or balanced

Before analyzing the circuit, consider the possible behaviors for f. Acting on a single
bit, one can conclude that f(z) € {0,1,z, (1—x)}. It is easy to derive the oracle application
by a case-by-case analysis:

I2 if f(z)=0
X2 if =1
Us 12 = i) (8)
CNOT 1 2 if f(z) =2
X1; CNOT 1 2; X1 if f(z)=1—=.

Clearly, the first two cases are not entangling gates. The last case is a 0-controlled
CNOT which is equivalent to the CNOT gate for our purposes. Hence, we analyze the
circuit for the case where Us 1 2 = CNOT 1 2. The precondition for this circuit is two qubits
initialized in the computational basis, or equivalently Z ® IN I ® Z. Instead of building
a full proof tree for deutsch, we’ll use the standard approach for Hoare logic, in which we
write an annotated program with the intermediate predicates in between the commands.
For convenience, we’ll do our derivations in parallel, rather than combining them with the
N rule at the end:

deutsch :=

{I®ZINZxI}

; (*x y is set to 1 %)
®ZNZ® I}

X2
{-1
H1
{-I®ZnNnX® I}
H 2
{-1
U

-I®XNX® I}

¢ 1 2; (* Uy = CNOT =*)
{-I®XNX® X}

H 1;

{-I®XNZ®ZIX} = (Nmul)
{I® -XN-Z® I}

The last line is obtained through the N-MUL rule and the distributivity of negation.
This is precisely what Deutsch’s algorithm is supposed to produce — two separable qubits
(implied by A ® I, see §4), the first of which is an eigenstate of —Z, corresponding to a |1)
qubit. Note that we could return the second qubit to Z by applying a Hadamard and an
X. However, as we statically verified that the ancillary y qubit is unentangled with z, we
may freely discard it and optimize away the final H 2; X 2.

This derivation could also similarly be extended to the more generic Deutsch-Jozsa
algorithm [10]. This, of course, would require extending both the language and logic to
deal with recursion. We leave this challenge for future work.

3 Normal Forms

Our intersection predicates have the property that there exists a canonical form with
which to describe them. This allows us to verify the equality of intersection predicates by

10



verifying the equality of their canonical forms. The canonical form we use is inspired by
the row echelon form of a matrix, in which every row has its first nonzero term before any
subsequent row. We translate this into I being 0 and further impose that X <Y <Z < Iso
I® X precedes I® Z. Further, an intersection predicate involving commuting, independent
terms can be viewed as a matrix with each term corresponding to a row and each column
corresponding to a qubit. Then, in the canonical form, any column contains at most one
X, and any column without an X has at most one Z. The unique X or Z in each column
will be called the X or Z pivot.

The implication rule for intersection predicates, AN B < A N AB, will be useful to
reduce the predicates to their canonical forms. Given an n-qubit intersection predicate
with m independent terms Ay N... N Ay, do the following:

1. Let P be an ordered set of indices, initialized to 0.
2. For each qubit i =1...n:

e For the first term j ¢ P such that A;)[i] € {X,Y}
— Update P <~ P U {j}.
— For terms k # j, if Ay)[i] € {X, Y}, rewrite Ay < A A
e If there is no term with X or Y on qubit ¢ , for the first term j ¢ P such that
Ali] = Z:
— Update P <~ P U {j}.
— For terms k # j, if A()[i] = Z, rewrite Ay < A Agy.

e If no term contains X, Y, or Z on qubit ¢ proceed.
3. We order the terms as follows:

e For the terms in P, place them in the order in which they appear in P.

e Order the remaining terms lexicographically.

Notice that each term can be added to P at most once, and this, along with the ordering
of terms, makes the canonical form unique. Further, by viewing the ith term in P to
be the X—,Y— or Z—pivot for qubit ¢, this procedure is functionally equivalent to row
echelonization for matrices and can be computed using O(n?) operations.

Note that this normalization process is functionally similar to the reduction of a sta-
bilizer code to a standard form; see, for example, [22, §10.5.7]. Given the standard form
of a stabilizer code, there are efficient methods for generating its encoding circuit using
only Clifford gates [7]. In particular, if we are given a state that can be described with a
complete Pauli predicate, we know that we can efficiently construct a Clifford circuit from
the normal form of the predicate that prepares the given state. We capture this in the
following formal statement.

Proposition 2. Let |¢)) be an n-qubit state. Then Py N--- NP, (|[v)) if and only if [1)
can be prepared from |0...0) with a Clifford circuit. That is, for any set of commuting Pauli
operators Py, ..., Py there exists a Clifford operator C : Zj — P ; for each j =1,...,n.

Example 3. Consider the following predicate:

XXQINZRIZRJIINZRZYZL.

Conveniently, the first term contains an X on qubit 1. However, no subsequent terms have
an X on this qubit, so we move on to qubit 2.
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For the second qubit, no X’s remain in pivot terms, so we take the Z in the second
term, Z® Z ® 1. The third term is now rewritten as:

(ZRZIZ)ZRZSI)
= ZZ® 7771
= I0IQZ

For the last qubit, there is only one term with a X or Z in the third position, so we are
done.
The entire procedure yields the normal form.:

X@XQINZRZIINIRI®Z.

An essential property of the normal form is that it is oblivious to the original ordering
of the terms. For instance, in Example 3, if we had first swapped the 2" and 3'¢ terms
then Z®Z®Z would have been the pivot for the second qubit and we would replace the 34
term with I® I ® Z. We would then use the third term as our pivot, replacing the second
term (ZRZ®Z) with Z®Z®I. The entire procedure yields X@ XQINZRZRQINIQKI®Z
just as before.

Since all of our normalization operations are justified by the one implication rule, as-
sociativity, and commutativity rules, the following simplification rule is admissible:

{A} g {B}
{A} g {norm(B)}

where norm is our normalization procedure. This is the rule we will apply in practice
before making separability judgments.

NoORM

4 Separability

In this section, we present the first application of our Hoare style logic—the ability to make
judgments on whether a given sub-system is separable from the remainder of the system.
We start with determining whether a single qubit is separable before moving to multi-qubit
sub-systems.

4.1 Single qubit separability

Following the core semantics that a predicate refers to the +1-eigenstate of its semantic
operator, we first prove a statement about the separable eigenstates of some operators.
For notational simplicity, we state the following proposition with a focus on the first qubit;
however, the result holds for any operator of the form I*~1 @ U @ I"*

Proposition 4. For any 2 x 2 unitary, Hermitian matriz U, the eigenstates of U @ I"~!
are all vectors of the form |u) ® [¢)) where |u) is an eigenstate of U and |1) € C¥"" is an
arbitrary state.

Proof. Let |¢) be the A-eigenstate and ’¢J-> be the (—\)-eigenstate of U where A € {1, —1}.
Note that {|¢), ’¢L>} forms a single-qubit basis.

First, consider states of the form |y) = |u)®|¢) where |u) € {|¢),
Clearly,

271,71

o)} and|u) € C

@Iy =UeI" ) (|lu) @) = Ulu) @ ¢) = Au|u) @ [¢).

12



Hence, every state of the form of |y) is an eigenstate of U ® I"~!. Additionally, note that
L)}, s

by similar reasoning, for every separable state |y) = |v) ® |1}, where |v) & {|¢),

not an eigenstate of U @ I"~1.

Now we show that any state not in this separable form cannot be an eigenstate of
U ® I""!. By way of contradiction assume that |§) is an eigenstate of U @ I"~! with
(U ® I"1)|8) = u]0). Expand

6y = arlg) @ 1) + B |o) @ [t2)
where |1h1) , |1hs) € C2""'. Then we compute

(U5 = allg) @) +BU |61)) @ i)
= Aale) @) = A8 o) @ )
pe|6) @ [91) + ot ) © s

where we have used that |¢) and ’¢L> are the +X and —\ eigenvalues of U respectively.
As the components of the expansion are orthogonal to each other, p must satisfy:

pa = Aa and uf = —AG.

Since U® I™~! is unitary, A # 0 and we either have (i) @ = 0, u = —\, and |§) = )¢L>®]1/12>
or (ii) B8 =0, p = +A, and |0) = |¢) ® [¢1). In either case, |0) has a separable form as
claimed. O

As every Pauli matrix is both Hermitian and unitary, combining Propositions 1 and 4,
we immediately obtain the following corollary:

Corollary 5. Every term of the form I''! @ U ® I is separable, for any U €
{£X,£Y,+Z}. That is, the it" factor satisfies the predicate U and is not entangled with
the rest of the system.

Following Gottesman’s notation, let Uy, be the n-qubit predicate where the k* factor
satisfies the single-qubit predicate U and is separable from the rest of the system. For
example, the predicate X; = X ®1 describes the set of two separable qubits where the first
qubit is in the X eigenstate?. The two-qubit product state |0)®|+) satisfies the intersection
predicate Z1 N X» to signify that each qubit is separable from the other. Corollary 5 then
justifies the following separability-based simplification rules:

I"'oBeI"* < B,

Since A being separable in a larger system B implies that the rest of B is separable
from A, we can add the following rules for distributing separability judgments across
intersections:

If Tk] € {B,I}, ByNT < BxN T[n]\{k}

Using these rules, we can re-write X1 N (X ® Z® Z) as X; N (Z ® Z)2 3.

2For precision, we should say X e[z to indicate the size of the system, but this will always be clear from
the context.
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4.2  Multi-qubit separability

While Corollary 5 can be used to identify if a single qubit is separable from the rest of
the system, we would also like to make judgments about a multi-qubit subsystem S C
{1,...,n} being separable from {1,...,n} \ S. Generalizing Proposition 4 will help us
in this regard. However, we only generalize it for the case when the unitaries are Pauli
matrices (rather than generic Hermitian matrices). The following fact about Pauli matrices
adapted from Nielsen and Chuang [22, Prop. 10.5] by setting n < k, k < 0, will be useful
for the proof.

Fact 6. For k-qubit Pauli matrices V. € {+I,+X,+Y,+Z}" such that V # I*, the
eigenvalue X € {—1,1} has an eigenspace of dimension 2°~1. For k independent, commuting
k-qubit Pauli matrices Uy, ... Uy, the joint eigenspace for an eigenvalue tuple (A, M)
has dimension 1.

This fact can be intuitively argued from the observation that each Pauli matrix divides
the total 2¥-dimensional Hilbert space into two sub-spaces of the same dimension, each
corresponding to the +1 or —1 eigenvalues. The k-tuple then identifies a 1-dimensional
subspace at the intersection of the corresponding eigenspaces for Uy, ..., Ug.

Fact 6 requires the k-qubit Pauli matrices to be independent and pairwise commuting.
It is straightforward to check independence by ensuring that multiplying any combination
of the k matrices together does not yield the I* term. Pairwise commutativity can also be
directly determined using the following fact, which follows immediately from the fact that
distinct Pauli matrices from {X,Y, Z} anticommute.

Fact 7. Given A=A1®---® A, and B= B ®---Q® By, where the A;s and B;s are Pauli
matrices, A and B will commute precisely when there is an even number of positions where
A; and B; are both from {X,Y,Z} but A; # B;.

We can now state the conditions under which a set of Pauli operators could correspond
to a separable sub-system.

Proposition 8. For independent, commutative, non-identity k-qubit matrices Uy, ..., U
€ {+I,+£X,+Y,+Z}* such that Uiy NUGy # 0 for all i # j, the eigenstate of (I"*®
Un) N...N(I""F @ Uyy,) are all vectors of the form |u) @ |¥) where | V) is an eigenstate
of U(1)7 e U(k)

Proof. First, it is clear that any state of the form |u) ® |¥) where |V) is an eigenstate of
Uy, -+ Uy is an eigenstate of "t Uy, - IR e Uk)- This implies that it is also
an eigenstate of (I" % ® Up)n...N (I *e Uny)-

To prove the inverse direction, assume by way of contradiction that there exists an
entangled n-qubit state [0) that is an eigenstate of (I ® Uy;) with eigenvalue A\; € {—1,1} for
each i € {1,...,k}. Let the n-qubit state |§) be written in terms of its Schmidt (singular
value) decomposition across the (n — k, k) qubit bipartition as

K
10) = ajles) @)
j=1
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where {|¢;)}; and {|y;)}; are orthonormal vectors in each of their respective subsystems.
Vie{l,....k} (I®@Uu) o) =3 a;(I1¢;)) @ (U 1))
j
= XY ald)) @)
J
=>_ale5) @ (i)
j

= Vi, j, Ugy ) = i) -

As {|vi)}: forms a set of orthonormal vectors, the span of these vectors is contained in the
eigenspace for the eigenvalue tuple (+1,+1,...,+1) corresponding to AUy, ..., AU
respectively. Additionally, when U(;) is a k-qubit Pauli matrix, A;U(;) is also in {£1,£X, 1Y,
iZ}k. Then, from Fact 6, the joint eigenspace for the all-1s tuple has dimension 1.
Specifically, there exists only a single |y) that satisfies Equation (9). Hence, K = 1
contradicting the assumption that |) is entangled across the (n—k, k) qubit bi-partition. [

Extending the U; notation to the multi-qubit setting where K C {1,...,n} and 0 <

|K| < n,let (U)g be the predicate such that qubits in K are separable from the {1,...,n}\

K sub-system. Formally, we define Ug := (ﬂ‘j[le(jDK where each U ;) is a non-trivial

| K'|-qubit non-identity Pauli string.

For example, consider a 2-qubit predicate (X ® X NZ ® Z) whose joint eigenspace is
spanned by the two maximally entangled Bell states {|®*),[¥7)}. In an n-qubit state sat-
isfying this predicate on the first and third qubits, these qubits being maximally entangled
are disjoint from the rest of the system, and hence, they satisfy the predicate

XRXNZ®Z)3=XIeaXI")N(ZRI®ZaI"?).

If the second and fourth qubits are similarly entangled, the system satisfies the predicate
X®XNZ®Z)13N(X®XNZ®Z)ys. This idea to gather the nontrivial factors within
a subsystem is not unique to our work and has been previously employed by Honda [17]
to determine the entangled components in his static analysis framework.

Combining this representation with Propositions 1 and 8, we obtain the following corol-
lary:

Corollary 9. Let K C {1,...,n} with |K| =k and K := {1,...,n}\ K. Every intersection
predicate that contains the term ﬂ?:l (U(j) ® I”_k> where each of the U;)s acts on K, is

pair-wise commuting and independent as a sub-term is separable across the bi-partition
(K, K). That is, the factors in K are separable from the K subsystem.

Given a canonical n-qubit intersection predicate with m independent terms A ;)N...N
A, finding if a subsystem of qubits K C {1,...,n} with [K| = k < m, is separable
from the remaining system can be determined in a straightforward way. We first verify
that every qubit in K has a pivot; otherwise, some qubit in K has I in all terms, and we
can conclude that K is not separable from the remaining system. If every qubit in K has
a pivot, we run the following procedure:

o Let Ajy,...,A(j,) be the k terms which have the pivots for qubits in K.
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e For each i =2...k, check that A(;,) commutes with A; ) using Fact 7.3

e For each i =1...k, check that the term A(;;) has an I for every qubit £ € K.
Corollary 9 justifies our multi-qubit separability rules when S = {j1,...,jx} C [n]

BNTq)N...N Ty < Bgn (Cayn...NCpy)
where ¥je T(5)[S] = Cj)¥jem T(p)[S] = 1" "BlS] = T*
Example 10. Continuing from Example 3, consider the predicate
XXQINZRKZRIINI®I®Z.

As (X®X) and (Z®Z) are two independent and commuting operators, the first two terms
with I on the third qubit ensure that we can apply Corollary 9 to determine that the first
two qubits are separable from the third. We can write this as:

(X®XHZ®Z)172HZ3.

4.3 Application: GHZ state, Entanglement Creation and Disentanglement

To demonstrate how we can track the possibly entangling and disentangling properties of
the CNOT gate, we can look at the example of creating the GHZ state %OOOO} +|111))
starting from |000) and then disentangling it. A similar example was considered by Honda
[17] to demonstrate how his system can track when CNOT displays either its entangling
or disentangling behavior. One crucial difference is that Honda uses the denotational
semantics of density matrices which, in practice, would scale poorly with the size of the
program being validated. Our approach is closer to that of Perdrix [24, 23] in terms of
design and scalability but capable of showing separability where the prior systems could
not.

We will consider the following GHZ program acting on the initial state Z1 N Zo N Z3.
We first follow the derivation for Zj:

Definition GHZ :=

{2} =

{Z®1I®I}r

H1;

X®I®I}

CNOT 1 2;

X ® X ® I}

CNOT 2 3

X ® X ® X}

Repeating the derivation for Zo and Zs, we obtain:
{Z2) GHZ {ZRZ T}
{Z3} GHZ {I® Z® Z}
If we now apply CNOT 3 1, we get the following specifications:
{Z1} GHZ {X® X ®X} cNOT 31 {I® X ® X}

{Z2} GHZ {Z®Z @1} CNOT3 1 {ZRZ ® Z}
{Z3} GHZ {IQZ®Z} CNOT 3 1 {I®QZ® Z}

3This ensures that in all terms where the qubits in K are pivots, the terms have an I for all qubits in K.
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If we want to analyze the output of this program on Z; N Zs N Zg, we can apply the
following normalization steps (the first and second row serving as the first and second
pivots):

(IeX0XNZOZOZNIRZOZ} =
(I8X9XNZRZOZNIZ®ZZQZL} ~
(I8X0XNZRZOZNZRIRI).

Recognizing that the first qubit can now be separated from the other two, we obtain
Z:N(X®XNZ®Z)23, that is, a Z qubit and a Bell pair.
Returning to the unnormalized program, if we finally apply CNOT 3 2, we get

{Z,} GHZ; CNOT 3 1; CNOT 3 2 {I®I® X}
{Z2} GHZ; CNOT 3 1; CNOT 32 {Z®Z®1I}
{Z3} GHZ; CNOT 3 1; CNOT 32 {I® Z® I}

to which we can apply the intersection rule and single-qubit separability rules to obtain
{Z1NZ2NZ3} GHZ; CNOT 3 1; CNOT 3 2 {Z1 NZ2N X3}

showing that the whole procedure moves the X generated by the initial Hadamard gate to
the third position.

5 Measurement

It is challenging to turn Gottesman’s semantics for measurement into an efficient deductive
system because it looks at its operation on all the basis states rather than simply the
evolution of a single Pauli operator. Namely, it adds significant computational complexity,
while our prior deductive rules were linear in the number of qubits. Nonetheless, our
normalization in §3 parallels that in the stabilizer formalism, and the action of measurement
on stabilizer groups is well-understood [14]. This produces a method for inferring the
postconditions for measurement that is quadratic in the number of qubits in the worst
case [1].

5.1 Union predicates

Before discussing how we check measurement, it helps to consider how we can represent
post-measurement states. Unlike unitary gate application, which is deterministic, implying
that each input predicate has a specified output predicate, not all measurements have
deterministic outcomes. While we do not want to use our logic system to verify the
probabilities of measurement outcomes, it would be useful to be able to compute the
possible post-measurement states for the system. With this, we could still track how the
system evolves with subsequent operations depending on the measurement results.

We use the union connective, A ¥ B, to denote that the system either satisfies the
predicate A or predicate B. We show how to use this in the context of measurement with
this simple example.

Example 11 (Measuring |+)). Consider the single qubit in the |+) state on which a
computational basis measurement is performed. The outcome has equal probability to be 0
or 1 which we cast as qubits in states |0) : Z and |1) : —Z respectively. We represent this
i our logic system as

{X} Meas {Z v -7}
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Applying a gate to a union predicate distributes across the union, and each term in the
union evolves separately. This gives the following rule for unions:

{A} g {A}  {B} g {B}}
{AWB} g {A'WB'}

As with intersections, the ordering of the terms does not matter, with commutativity
and associativity holding for unions as well, leading to the following implications:

A=AuUB
AyB=BWA
Ay(BWC)= (AYB)wC

5.2 Predicates for post-measurement states

For ease of exposition, we will assume that we are performing a Z-basis measurement on
the j* qubit of an n qubit system. In §3 we introduced a normalization procedure for
intersection predicates. There, we constructed the normal form by examining each qubit
in turn ¢ = 1,..., n, and looked for an intersection term whose i*? factor is X, Y, or Z. As
there, let us write Ay N--- N Ay, for the pre-measurement predicate. Now however, we
begin by searching for an i, such that its 5 factor Ayl € {X,Y,Z}.

1. If there exists an 7 such that A [j] = X or Ay[j] = Y, then the measurement
outcome is uniformly random:

(a) Replace A(k) — A( )A(k) for all k #£ ¢ with A k:)[ ] S {X Y}

(b) Let U = A(l) N---N A(i—l) N A(i—l—l) <N A(m)

(c) The post-measurement state satisfies the predicate (Z; N U’) W (=Z; N U’).

(d) Normalize each branch of the union separately to get the normalized post-

measurement predicate.

2. If no i has A;[j] € {X, Y} find an i such that A;)[j] = Z. When this is the case,
the outcome is determlnlstlc as some combination of the intersection terms is Z; or

—Z; [1]:*

(a) Using the implication that A N B < A N AB, obtain £Z; as an intersection
term (our normalization procedure ensures this can be done efficiently). Let the
rest of the intersection be U.

(b) Normalize the term (+Z; N U) to obtain the normalized post-measurement
predicate.

3. If all Ay;)[j] =T then the post-measurement state will satisfy the predicate
(Z1 N A(l) n---N A(m)) (] (—Zl N A(I) N---N A(m)).

Normalize each branch of the union separately to get the normalized post-measurement
predicate.

“We refer the interested reader to the discussion following Proposition 3 in Aaronson and Gottesman [1]
for details on why this fact holds.
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Observe that case (3) can occur only when an m < n—that is, the predicate is under-
determined. This will commonly be the case while dealing with the physical qubit pred-
icates for stabilizer-based error-correcting codes. Finally, by construction, the measured
qubit satisfies the predicate Z or —Z and is separable from the rest of the system.

Example 12. As an example of our normalization and measurement rules, consider
measuring the first qubit in the z-basis, a state satisfying the predicate X ® X. According to
our rules above, we remove this term when considering the post-measurement predicate; that
s, we know nothing of the resulting predicate except the consequence of the measurement.
In particular, rule (1) above states our post-measurement predicate is of the form Zi W —Z.
To validate this in the semantics, we note X @ X(|¢)) if and only if

[9) = al++) +81-=) = H10)® (al+) + 81-)) + 511 © (al+) = B1-)).

Regardless of measuring 0 or 1, the resulting state in the other qubit is arbitrary. Hence
the postcondition is indeed of the form (Z@I) W (-Z®1) =7Z, ¥ —Z;.

5.3 Example: Measuring a GHZ state

Continuing our analysis of the GHZ state from §4.3, the circuit GHZ has the postcondition
X XX)N(ZRZIDN(IRKZRZ).

To compute the output of GHZ; MEAS 1, we enact the above program. Fortunately, our
intersection already has the requisite form, with the first term being the only one with an
X in the initial position. We remove the term (X ® X ® X) and replace the intersection
with

(ZiN(ZRZD)NI®RZRZ)Y(-ZIN(ZRZRINN(IKRZRZ))

We normalize each branch of the union as per §3 to obtain
(ZiNZN(IRZRZ)W(-Z1N-ZoN(IRZ®Z)).

Finally, the last term can also be simplified to give (Z1NZoNZ3)W(—Z1N—ZoN—Z3).
g

6 Application: Error-correcting Codes

We can also use our logic system to analyze error-correcting codes. In this section, we
consider the 7-qubit Steane [29] code. Recall that the Steane code encodes a single qubit
into 7 qubits and has the ability to detect errors on 2 qubits and correct all single-qubit
errors. The stabilizers and logical operators for the Steane code are generated by:

g1 =1ITXXXX ¢g=IXXIIXX X=XXXXXXX

gs=XIXIXIX g=11IZZ77 L =0022777
95 =12Z1127 g6 =ZIZIZ1Z

We realize |0) in this setup through the logical state |0r) defined by projecting the all Os
state using the stabilizer generators of the code:

1
0L) o Q—GHL(I + ;) |0000000)
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By virtue of being the logical 0 state, it should also be stabilized by the logical-o 7 equivalent
Z. In other words, |07) is uniquely stabilized by g1, . .., gs¢ and Z. In our system, this means
that |0z) : Zy where Zj, is the 7-term intersection predicate

Z;,:=gi1N...NggNZ
=IQIRI®XXX®X
N...NZRIRKZRITIRZRIIRZ
NZRILILRLRILRILRL

(10)

By a similar argument, |+1) : X where X7 = g1N...Ng¢ NX. All states in the Steane
code space are stabilized by g1,...,g6. Then, we can associate the following predicate to
the logical Steane code space as

Str:=g1N...Ngg and ZL:St7ﬂZ; XL:St7ﬂX.
Being consistent with the equation above, we can conclude that |+iz) : Y where
YL::glﬂ...ﬂggﬂ? where Y =iXZ.

Further, we use Y, = iXZj as syntactic sugar to derive the action of any gate on Y.
In this scenario, we can manipulate the predicates at the logical level, i.e., {X7,Yr,Z}
as if they share the same algebraic relations as their corresponding Pauli counterparts,

(X,Y,Z}.

Y D D
T D
x2 D
I3 a
T4 [H]
xIs @
T6 @

Figure 2: Encoding circuit for the Steane [[7,1, 3]] code

Consider the Steane code unitary encoding circuit Enc—St given in Figure 2 where a
data qubit y is converted into a logical qubit a. By construction, it takes |a) ® [000000) —
lar) for a € {0,1,+,—}. Consider a = 0 for instance. Then we can describe the action of
Enc—St in our system as follows:

1. start with the precondition Z, NZ;, N ... N Zygg;
2. apply each gate from Figure 2 using the axioms for H and CNOT;
3. normalize the output.

A straightforward computation (an exercise left to the reader) will show that we indeed
obtain norm(Zy) as the output. Extending this argument, we characterize Enc — St as:

{Zy NZy, N...NZyxy} Enc—St {norm(Zy,)}
{XyNZy, N...NZy,} Enc—St {norm(Xy,)}
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Another application of our system is verifying the transversality of a gate with respect to
a code. For instance, it is straightforward to verify that Hp := H y; H x1; H xo; H x3; H xy4;
H x5; H xg is transversal for the Steane code i.e.,

(XL} Hy {Zy}  and {2y} Hp {Xp} (11)

Clearly, {g1 Ng2Ngs} Hr {g4NgsNge} and vice-versa. Hence, {St7} H; {Sty}. Fur-
ther, {X} Hy {Z} and vice-versa. Therefore, Hy, takes Z; = Sty NZ to Sty N X = X,
and vice-versa.

In a similar vein, we can prove that the operation U = Sy; S x1; S xo; S x3; S Xg;
S xs; S xg is not the logical-S gate Sy. Firstly, the triple for the logical-S should satisfy

{Z1} Si {Zv} and {XL} S. {Yr}

Now, {g4 NgsNgeN Z} U {g4 NgsNgeN Z} as the S acts only on Z or I. In the case

of {g1,g2,83, X}, the Xs are converted to Ys such that the predicates are changed on
output. Clearly, {X} U {Y7} but Y’ = —iXZ = —Y. Let us take g; N g4 to see how
the remaining stabilizers would evolve:

{g1Ngs} U {I®IRI®YRY®Y®Y)Ngs

CONS
{g1ngs} U {IQI®I®OY®Y®Y®Y)gsNgs}
{g1Nga}l U {g81Nga}
{(nNg} U {IeIeleY®Y®Y®Y)Ngu}=
{I0I®IY®Y®Y®Y)gsNgs}~
{91 N ga}
Extending this reasoning to (g2 Ngs) and (g3 Nge), {St7r} U {Str}. Putting the
pieces together, {Zy,} U {Zyr} but U takes X to Sty N =Y = Y. By contrast,

defining
SL:=2y; Sy; Zx1;8S X1 ZXg; SXo; ZX3; SX3; ZXg; SXg; ZXs; SXp; ZXg; S Xg

gives us the desired behavior.

We would also like to show that the T-gate is not transversal for the Steane code.
However, with T" not being a Clifford gate, we find that Pauli predicates are insufficient
to describe it fully. For this, we consider the additive extension to our logic system in
subsequent sections and demonstrate this in Example 16.

6.1 Logical Multi-qubit predicates

Extending the discussion on logical qubits and quantum error correcting codes to multi-
qubit logical states requires us to add some additional rules to our system.

Separable states Describing states where each qubit is separable will be the most
straightforward of these. A simple example is with the state [01) : X;NZy. Correspondingly
the state |0r1z) : (X1)1 N (ZL)2 where 1,2 represent the logical qubits. From the point of
the physical qubits 1,2 denote the sets of physical qubits that encode each logical qubit.
For instance, for the 7-qubit Steane code, 1 := (y,z1,...,26) and 2 := (¢/,2,...,z§).
Formally, we get,

(Xp)1N(Zr)2=(g1N...g86 N X)1N(g1N...g6 NZ)2
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Entangled multi-qubit states To express the predicate for two logical qubits as, say,
Xy ®1 Zy, and effectively tracking their evolution requires more advanced notions such
as a logical tensor product ®; between logical predicates and further rules on how tensor
products behave with intersections. For the sake of this example, we consider a logical
tensor operation ®j that acts as follows:

e Consider two basic logical predicates A, By, for A, B € {X,Z}
e Order their intersection terms as A;, =g1N...NggNA and By =giN...NggNB
e Define A; @, BLZZ(St7 & 17) N (17 &® St7) N (K@E)

Not that this definition is not arbitrary, but it can, in fact, be derived from existing rules
in our system along with the assumption that the tensor distributes across intersections
when the terms involved commute, i.e.,

{T} g {(ANB) 8 C} I
{T} g {(AD)N(BI)Nn(I®C)} (12)

Recalling that Sty = g1 N ... N g, we can fully expand the ®;, expression as
AL @rBr=(g19INN..NgeaI)NIT"2g)N...n[I" @ge) N (A ®B)

Now, the question becomes: can we show the transversality of CNOT with respect to
the Steane code? We can begin by defining:

CNOTy, 1 2 :=CNOT y y'; CNOT x; x}; CNOTx, x5; CNOT x3 xj;
CNOT x4 xj; CNOT x5 xg; CNOT Xg Xg;-

Using the behavior of CNOT from Table 2, we need to show that

{XL®IL} CNOT, {XL®XL} {IL®XL} CNOT, {IL®XL}

13
{IL®ZL} CNOT, {ZL®ZL} {ZL®IL} CNOT, {ZL®IL} ( )

Here, by Iy, we mean any state that lies in the codespace of the Steane code, and so,

I :=g1Nn...Nge.

It will be easier to derive the action of CNOT [, by understanding its actions on each of
the stabilizers and logical operators for the Steane code as all logical predicates use these
as the building blocks. Applying CNOT'f, to each of the operators gate-wise, we get:

e For the X-terms, i.e., for A € {g1,g2,83, X}

{AeT"} cNOT, {A®A} and {I"@A} oNOT, {T"® A} (14)

e For the Z-term, i.e., for A € {g4,85,86,2}

{A®I7} CNOT/, {A®I7} and {I7®A} CNOT, {A®A} (15)
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As the term (St7 ® I") N (I” ® Str) appears in every predicate for entangled states, we
first derive the action of CNOT, on it.

6 6 3
{(St7 INNI"® St7)} CNOT|, {ﬂ(gi ®eg)()(&eI) (A ®gi)}

i=1 = i=4 . i=1 CONS
{(Stra1") n("@Str)} CNOT, {ﬂ g ol ﬂ " ©g;) }
i=1 i=1
{(St7®17)ﬁ(17®8t7)} CNOT; {(St7®17) 1 ®St7)} (16)

Now, using eqs. (14) to (16), we can derive the action of CNOT, on the remaining
logical predicates. Taking X; ® I, = (Stz @ I") N (I’ ® St7) N (X @ I”) as an example,

X @I} CNOT, {(Str @ 17)N (I @ Str) N (X 0 X) |
{XL ®IL} CNOTY, {XL ®XL}

CONS

Similarly, for the other three cases, we can directly get

{ZL®IL} CNOTY, {ZL®IL}
{IL®XL} CNOTY, {IL ®XL}
{IL®ZL} CNOTY, {ZL®ZL}

thereby satisfying Equation (13) and confirming the transversality of CNOT for the Steane
code.

7 Additive Predicates

7.1 The Clifford + T set

Up to this point, we have focused on Hoare triples of Clifford operations, which are not
universal for quantum computation. The easiest path from the Clifford set to a universal
set is adding the T operator to our language. Appealing to Gottesman’s original Heisenberg
formalism T, Tt = o,, and so we can use the triple {Z} T {Z}. Unfortunately,

To, T = % (19”' 15i)

is not in the Pauli group and hence not expressible in our logic using Pauli predicates.

Yet, - 7 ( ﬁi 16i> can be rewritten as the weighted sum of Pauli matrices % (0z40y), 50
if our judgments distribute over addition, we can expand it to deal with additive predicates
A + B. Indeed U(A + B)UT = UAUT 4+ UBU?'. To incorporate terms involving added
predicates, we extend our grammar to include words of the form G + G, where G is the
language of Pauli predicates. Throughout, we will use the shorthand A — B = A + (—B).
We extend our judgments with the rule

{A}U{c} (B}U{D}
{(A+B} U {C+D} (17)

Note that this will so frequently be combined with our SCALE rule (which can now see a
broader range of coefficients ¢) to deal with additive predicates that we will tend to apply
them together.
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Example 13 (T on precondition Y). We prove the behavior of T on precondition Y
explicitly:

X} T {HEX+V} (77 (7
vy 7 {HY-x)}

Example 14 (Composing T'). We prove that T;T provides the same triples as S. This is
trivially true on Z since both S and T take precondition Z to postcondition Z. We prove
the T';'T' reproduces the correct postcondition on X explicitly:

MUL+SCALE

ADD-SCALE
x} 1 {HX+Y)} vy 1 {H(Y-x)}
X} 7 {LX+Y)} {EX+Y)} T {&H(EHEX+Y+Y-X))}
X} TiT (Y} e

Example 15 (Typing T'1). Finally, it is useful to know the triples of TT, which we’ll define
as Z;S;T. Again one trivially has {Z} T' {Z}, so we simply prove its behavior on X as
follows:

(X} 72 {-X} (=X} 5 {-Y}

(X} Z;S {-Y} Ty T {LX-Y)} ”
(X} Z,8;T {%(X—Y)} ¢

Example 16 (Steane code non-transversality of 7). Now that we have the triple for T,
the logical-T gate for the Steane code Ty, should satisfy

{ZL} TL {ZL} and {XL} TL {%(XL —I—YL)}

where we use the descriptions from §6 for Zyp, X, and Y. However, we can easily show that
the operation U :=T y; Txy; T xo; T x3; T xa; T x5; T X6 does not satisfy this behavior.
In fact, U acting on Sty changes the output as any stabilizer containing an X is converted
into a non-trivial additive predicate. Then, T applied to Sty becomes a predicate containing
states outside both the Steane code space as well as the larger stabilizer state space. For
instance

{g1} U{Iolole 5(X+Y)® 5(X+Y)® s(X+Y)e 5(X+Y)}

which is clearly not a simple tensor product of Paulis as a stabilizer is expected to be.

Proposition 17. Let |1)) be an n-qubit state satisfying (%(Po +Py)NPy---N Pn) with
Py, P1 anticommuting. Then |¢) can be prepared from |0...0) with a Clifford plus one
T'-gate circuit.

Proof. As Py, P1 are anticommuting, by Theorem 42 there exists a Clifford circuit C' such
that {Po} C {-X®I®:---I} and {P;} C {Y ®I®---I}. Hence

K%(X +Y)® I®<"—1>) NPyY---N Pﬂ (Cl¥)).

Note that each P/ (j = 2,...,n) must commute with %(X +Y) @ I®=1 and hence
P; =1®Q; or P =0, ® ;. In either case, apply a Tt-gate to the first qubit gives
TlJr : P’ — P’. Consequently,

[(Xe12C=D) 0Py 0P| (T]C]y)).
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Now, we can apply Proposition 2 and obtain a Clifford C’ such that C’ TlT C |¢) satisfies
Z,N---NZy,. Therefore (C’ TlJr C)T is our desired circuit. O

Note that there is a converse of this result. One can always squander the single T-gate
by applying it directly to |0...0). But presuming this is not the case, and we prepare a state
on which T acts nontrivially, then additional Clifford gates can only produce predicates of

the form %(Po +Py)NPy---NP, with Py, P| anticommuting.

7.2 Example: Hoare triple for Toffoli

Now that we have a judgment for 7', we can use it to derive a valid Hoare triple for Toffoli
via the latter’s standard decomposition into 7', H and CNOT gates:

TOFFOLI a b ¢ :=
H c; CNOT b c; Tt c; CNOT a c; T c; CNOT b c; Tt c;
CNOT a c; Tb; Tc; Hc; CNOT a b; T a; T' b; CNOT a b.

Showing that {Z1 N Z2} TOFFOLI {Z; N Z2} proves remarkably straightforward:

(ZRIQINI®Z®I}

He, {Z0I0InI®Zol)

CNOTbc; Tl ¢; {Z@I®INI®Z®I}
CNOT ac; T c; {ZRI®INI®RZ&I}
CNOT b c; Tle;, {Z@I®INI®Z®I}
CNOT ac; Thb; Tc; {ZRIRINI®RZ®I}
Hc; {Z@I®INI®RZRI}

CNOT ab; Ta; T'b; {Z@IQINZQZ®I}
CNOT a b. {Z@IRINI®ZRI}

Note that the trailing 7' and T'Ts are all applied to I or Z and therefore have no effect on
the predicates. (We combine them with the previous commands for conciseness.) Notice-
ably, the derivation that {Xg} TOFFOLI {X3} also proves trivial (since H ¢ immediately
converts the X to a Z), showing that a |+) in the third position is not entangled by a
Toffoli gate. By contrast, Toffoli’s action on Zs3 does get a bit messy”:

{I®l®Z}
Hc; {I®eI® X}
CNOT b c; {I®IeX}
The, {I®I®X-I0I®Y}
CNOT a c; {IQI®RX -ZxIQY}
Tce; {IQIRX4IQIQY-ZRIY+Z®I®X}
CNOT b c; {IQIRX+IRZQAY —ZQZQY +Z1® X}
The; {(I@IRX-IRIQY+IRZRX+I®ZQY —
ZRZX-Z0ZY+ZI®X -2Z01QY}
CNOT ac; T b; {IRIRX —ZRIQRY+IRZX+ZRZRQY —
ZRZ9X-I®ZQY+ZIX-101QY}

5We leave off the coefficients for readability’s sake, but this derivation, while wholly mechanical, can be
difficult to follow to the end. The reader may wish to skip to the final steps of the deduction.
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Te;, {IQIQX+IRIQY —ZRQIQY+ZI®X +
IQZOX+IQZQY +ZQZQY —ZQ0Z®X —
ZRIZRXQX —ZQRQZQ3Y —1IQZ93Y+1IR7Z7X +
ZRQIRX4+ZRIQY —-IIY+I®I® X}
He, {IQIQZ-IQIQY+ZRIQY+ZRIQZ +
IRZIQZ-IQRZQY —2R2Z0Y -207ZQ7 —
ZRZQRZ+ZRZQY+IRZQY+IRZ® Z+
ZRQIRZ—-ZRQIQY +IRIQY+IRI® Z}
CNOTab;, {IQIQRZ—-IQIQY+ZQIQY+ZQI®Z +
Z20ZQRZ-207Z0Y -IZQY -I1®ZQ7Z —
IRZRQXZ4+TIRZQ3Y+ZRZQ3Y +Z2QR7Z KL+
ZRI®Z-ZRQIQY+IQRIQY+IRI®Z)}
Ta; TTb;, {(IQI®Z-IQIQY+ZQIQY+ZRI®7Z +
Z2Q0ZQZ—-2R7Z0Y —-IZQY -I1®ZQ7 —
IQZQZ+IRZQY +ZRZQY+ZRZQ7Z +
ZRIQZ-ZRIQY +IQIQY+I®I® Z}
CNOTab; {IQIQRZ—-I®@IQY+ZIQY+2Z0I® Z+
IRZIQZ-IQZQY —Z2RZ0Y —207ZQ7Z —
ZRZIRIZ+ZQZRAY +IRZQY +IRZ®7Z +
ZRIQRZ-ZQIQY+IQIQQY+I®I® Z}
— {IQI®Z+ZRIQZ+IQZQZ-2ZQZRZ —
ZRZQZ+1IQZQZ+Z0I0Z+I1011Z}
= {IRIRZ+ZQIQZ+IQZQZ-ZZQZ}

Note that, despite the presence of seven T or TT-gates (and hence a potential of 128
summands appearing in the additive predicate), only four of them enlarged the term — all
T or T' gates applied to either of the first two qubits failed to change the predicates. The
Xs all left the picture once we applied the second Hadamard, and the Ys all canceled out,
leaving only Zs and Is. In fact, every summand has a Z in the last position, and the first
predicate leaves us no way to introduce a negative on the Z.

Hence, we can conclude that Toffoli satisfies the triple

{Z1NZ2NZ3} TOFFOLI {Z1NZ2NZ3}

7.3 General additive predicates

Clifford+T', as studied in the previous section, is universal in that all unitaries can be
approximated as a composition of such gates. However, one often wishes to do an exact
analysis or simply use a different universal gate set. Recall that we say [¢)) satisfies a
predicate P if |¢) is a +1-eigenstate of the (multi-qubit) Pauli operator P. The critical
feature of Pauli operators is they are unitary, Hermitian, and (except in the case of the
identity) trace zero. Thus, unitary, Hermitian, and trace zero operators form a natural
basis to extend Pauli predicates. Note that the Pauli operators form a linear basis of the
vector space of all linear operators, and so for any unitary and Hermitian operator M, we
can write M = 37, ¢; P;j for some (real) coefficients c; and Pauli operators P;.

Definition 18. An additive predicate is an expression of the form M = 3, ¢;P; where
¢j € R and P; are Pauli predicates, such that the operator M = %, c;P; is unitary,
Hermitian, and trace zero. We say a state |1) satisfies M, written M(|v)), if M |[¢) = [¢).
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Lemma 19. A one-qubit additive predicate has the form M = aX + bY + c¢Z with
A+ 4+ =1.

Proof. Any one-qubit operator may written M = tI + ao, + boy +co,. As M is Hermitian
t,a,b,c € R. But M is also unitary so

I=M?=t+ad*+b* + A)I + 2tac, + 2tho, + 2tco.
Hence t = 0, and therefore M has trace zero and a?® + b* + ¢ = 1. O

This lemma shows that 1-qubit additive predicates are particularly simple in that they
form a representation of the familiar Bloch sphere.

Proposition 4 on separability was stated at a level of generality that supports additive
predicates as follows.

Corollary 20. Let I*~Y @ M @ I"%) be an additive predicate, and suppose |1) satisfies
16D @ M@ IF) . Then the k™ qubit of |t) is unentangled from the rest of the system.

7.4 Logic of general unitary maps

The logic of Clifford operators carries over to general unitaries. With Cliffords, we claimed
that a complete description of an n-qubit operator could be deduced based on examining
the preconditions X; and Z; as j = 1,...,n. In the case of 1-qubit unitaries consider the
triple {M} U {N}. Using |m) and |n) for one-qubit states that satisfy M(|M)) and N(|n)),
we have U |m)(m|UT = |n)(n|, which in turn implies UMUT = N. If M = aX + bY + cZ
then also M = ao, + boy + co., and thus

N = U(aoy +boy + co,)U" = aUo, U +bUa, U + U, UT.

That is, if we merely knew {X} U {Nx} and {Z} U {IN,} then we can deduce
{Y} U {Ny}, where

N, =Uo, Ul =iUo,U'Uc,U" = iN,N,,

and so deduce N = aN, + bN, + cN.. In other words, knowing the postconditions of U
on preconditions X and Z suffices to prove the behavior of U on any additive predicate
precondition.

This extends to multi-qubit unitaries as expected. If we know how an n-qubit unitary
U behaves on preconditions X; and Z; for any j = 1,...,n, then we can compute UPUt
for any n-qubit Pauli operator. From this we can then compute the postcondition of U
with any additive predicate M as precondition from UMUT = > ¢UP; Ut. That is, each
unitary can be viewed as a matrix acting on Pauli operators, which Gosset et al. [12] refer
to the “channel” representation of U. In particular, we see that as a Clifford operators only
permutes Pauli operators (possibly with a sign change) its matrix only contains values —1,
0, or 1. From above, the channel representation of a T-gate has coefficients of the form
5z for c € {—1,0,1} and s € {0,1} (see also [12, Equation (6.2)]). With a straightforward
induction argument we prove the following result.

Theorem 21. Let U be a unitary circuit on n qubits composed of t number of T-gates and
an arbitrary number of Clifford gates, and suppose {X;} U {M;} and {Z;} U {Nj} for
additive predicates M; and Nj, for each j =1,...,n. Then every coefficient of M; and

N is of the form 2&% where ¢,s € Z and s < t.
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Proof. Inductively, if ¢ = 0, then U is a Clifford operator, and so each M; and Nj; is a
Pauli predicate, and hence as additive predicates, all their coefficients are in {—1,0,1} as
desired.

Suppose the statement is true for all unitary circuits containing at most ¢ — 1 number of
T-gates, and suppose U is a unitary circuit with ¢ number of T-gates. Suppose U = C o U’
with C a Clifford operator. We claim U’ has the same assumptions and requirements as U
clearly U’ also contains ¢t number of T-gates, and if {X;} U’ {MS} and {Z;} U’ {N;}
then we must have {M;} C {M;} and {Nj} C {N;j}; since C is a Clifford operator the
coefficients of M (respectively N;) are the same as those of M; (respectively N;) up to
sign changes and reordering.

Therefore we may assume U = T}, o U’, where T}, represents a T-gate operating on the
k-th qubit. For notational convenience, let us assume k = 1 as the general case will follow

identically. As above assume {X;} U’ {M;} and {Z;} U’ {Nﬁ}, and let us write

MJ, =I® <Z C.]’OPJ70> +0,® <Z CJ71PJ71> + 0oy ® (Z CJ72PJ72> +0.,Q <Z CJy[)PbLO)
J J J J

where each Pj; is a (n — 1)-qubit Pauli operator. Inductively each coefficient satisfies
20=1/2¢;; € Z. Then Ty : M, — M; and so

M I®<ZCJOPJO> \[O'x—i-O'y (ZCJ1PJ1>

J

+ \}5(—01 +0y) ® (ZJ: CJ,QPJ,2> +0.® (ZJ: CJ,OPJ,0>
cj1—c
=I® <Z CJ,OPJ,O> +0:® <Z J’l\fJ’QPJ,l>
- 2

J

cj1+c
b ooy ® <Z J1FCI2 p >+0z (ZCJ70PJ7O>-
J

J
Finally, 2t/2. % = 2“‘1)/2(0],1 +c¢j2) € Z. The same argument works for the N;. [

Note that certain unitaries, those that are Hermitian and have trace zero, also define
an additive predicate. This was clear for Pauli operators in the context of Pauli predicates:
X is a predicate as well as satisfying triples {X} o, {X} and {Z} o, {-Z}. It is
straightforward to check when a unitary is also Hermitian (up to a global phase) using
Hoare-style triples. A Hermitian unitary has U = UT = U~! and so U? = I. Thus U is
Hermitian if one can show {X;} U {X;} and {Z;} U {Z;} forall j=1,...,n

Example 22. The Hadamard gate satisfies {X} H {Z} and {Z} H {X}, and is also
Hermitian, and so defines an additive predicate H. It is straightforward to verify H =
%(X + Z) by writing out H and %(% + 0.) in the computational basis and comparing
the resulting matrices. However, we can deduce this expression (again up to a global sign
change) from the triples above. From the lemma above we know H = aoy, + boy + co,; just
using the Pauli relations

Ho.H = (a®> = b* — *)o, + 2aboy + 2aco, = o,

Ho.H = 2aco, + 2bcoy + (02 —a?— b2)0z = Og.
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And so we obtain the quadratic system

0=0a%—b>—c?=ab=bc

1 =2ac=a’+b>+ %

This is easy to solve by noting 1 = (a® 4+ b>+c?) 4+ (a®? —b> — ?) = 2a® and so a = c = +
and b= 0.

Sl

While a general unitary U is not Hermitian, we can construct additive predicates
associated with U by adding an ancillary qubit. This is based on the real and imaginary
parts of U as defined as follows.

Definition 23. Given any operator U define its real part as Re(U) = 1(U + U') and
imaginary part as Im(U) = (U — UY).

Clearly, both Re(U) and Im(U) are Hermitian; however, neither is generally unitary.
Nonetheless, we claim they do satisfy Re(U)? + Im(U)? = I and Re(U) - Im(U) = Im(U) -
Re(U), and so look like the blocks in a 2 x 2 block unitary. Hence we could extend them
to a unitary with an additional qubit.

Lemma 24. Let U be unitary and Re(U),Im(U) be as above. Let P and Q be any
anticommuting Pauli operators (on any number of qubits). Then P ® Re(U) + Q ® Im(U)
is unitary, Hermitian, and trace zero.

Proof. As P,Q,Re(U),Im(U) are all Hermitian so is P ® Re(U) + @ ® Im(U). Similarly,
since P, () anticommute, neither is the identity, and hence

tr(P®Re(U) + Q @ Im(U)) = tr(P) tr(Re(U)) + tr(Q) tr(Im(U)) = 0.
Finally, compute
(P@Re(U) + Q ® Im(U))?
=I® Re(U)?* +Im(U)?) + PQ @ Re(U)Im(U) + QP @ Im(U)Re(U).

So, to finish, we merely complete our claims from above:
1 1
Re(U)* +Im(U)* = (U + 2 + (UN)?) — L(U* =21 + (U")*) =1

and

L2 - (U1)2) = Im(U)Re(U).

Re(U)Im(U) = -

For example if P = 0, and Q = o, then

P@Re(U) + Q@ Im(U) = < m(U) Re(U) ) .

Re(U) —Im(U)

Definition 25. Let U be a n-qubit unitary, and P,Q € {0y, 0y,0.} be distinct. Then the
additive predicate of U relative to P,Q is the (n + 1)-qubit additive predicate corresponding
to P® Re(U) + Q ® Im(U). We denote this as P @ Re(U) + Q @ Im(U) (despite that
neither Re(U) and Im(U) are predicates themselves).
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7.5 Example: Triples satisfied by controlled unitaries

Consider the triples for the controlled-phase gate:

{I® X} control-o, {Z® X}, {X®]I}control-o,{X® Z},
{I®Z} control-o, {I®Z}, {Z®1I}control-o,{Z®I}.

Note {X} o, {—X} and {Z} 0, : {Z}. One is naturally led to the question: could we have
deduced the appropriate postconditions of control-o, from those of 0,7 More generally,
can we deduce the triples of control-U from the triples of U? Unfortunately, the answer
must be no for a general unitary as this would imply “control-” is a functor of some sort,
which is not the case. Nonetheless, we can deduce the triples of control-U from those of U
and its additive predicate X @ Re(U) + Y @ Im(U).

Consider control-U, and decompose our Hilbert space along the control bit §) =
Ho & H1. Namely, with respect to this decomposition control-U is the matrix operator

th

The component of our state where the control bit is |0) lives in £y where control-U
is trivial, but the component of the state where the control bit is |1) lives in $; where
control-U act as U. We use this representation to assert the judgments involving con-
trolled operations in the following lemma.

Lemma 26. Let U be any n-qubit unitary. Then the following triples are valid for the
controlled U :

1. {Z ® 1} control-U {Z ® 1}, and
2. {X @1} control-U {X @ Re(U) + Y @ Im(U)}.
If P is any n-qubit Pauli, and {P} U {V} then
(3) {I1& P} control-U{I®3(P+V)+Z® (P —V)}.

Proof. For (1), we simply note:

I 0 I 0 I 0 (I O
0 U 0 —1I out ) o —1)°
For (2), again, we compute
I 0 0 I I o\ (o Ut
0 U I 0 our) \u o )
But now, similar to above, we compute
0 I o Uty (U 0
I0 v o) \o Ut
= (U +0)0U+3(I-0)0U).
Therefore

( 0 U ) = (o, ®1) (%(I+az)®U+%(I—az)®UT)
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= (0. ®1) (I®%(U+UT)+02®%(U—UT))

=0, @ Re(U) + 0, @ Im(U).
Finally, for (3), we compute

(o o) (5 ) (0o )=(0 o )=(5 v)

In the computational basis £(I + 0.) = < (1) 8 > and §(I —o02) = ( 8 (1) ) Therefore

(0502

Uz ®P+ (I—O'Z)®V
@3(P+V)+0. 03P -V).

O]

Example 27. Recall {Z} S {Z} and {X} S {Y}. It is straightforward to verify that
Re(S) = 3(I +0.) and Im(S) = 3(I — 0.). Thus, we have

{Z 2T} control-S {Z T}
{X @1} control-S {(X® 5(1+2)) + (Yo }(1-2))}
- {lxX+Y) 1)+ (3X-Y)22)}
{I1® Z} control-S {I® Z}
{1©X} contro1-S {(Io §(X+Y)) + (Z2 }(X-Y))}.

Note that by Theorem 21, any unitary Clifford+T circuit that synthesizes control-S
requires at least 2 T-gates.

Theorem 28. Let U be a n-qubit Hermitian unitary with trace zero, and let U be its
associated additive predicate. Then for each k > 0, we have control®-U is also a Hermitian
unitary of trace zero, and its associated additive predicate is given by

chu =1¢ - L(1-Z)F @ (I" - U).

Proof. As above, we write the operator relation

I
(0 2):;(I+UZ)®I+§(I—@)®U

=I®3I+U)+0.®11-0).
Now we can prove the theorem by induction. Clearly, the & = 0 case holds:
U=C'U~I"-(I"-1).
Inductively suppose CFU = I(+n) 2%(1 — Z)* ® (I" — U) then using the relation above

CHlU =1 La*™ ¢ ctu) + Z @ Ja1*+™ - CFU)
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I @ Skt L 1 L1 - Z)F @ (I" - U))
+Ziaktm 1kt 4 (1 - Z)F @ (I" - U))

e TEFE) L 1@ (1-Z)F @ (I" - U)
+#rZ®(1-2Z)F @ (1" - U)

s TleF1HR) 2k1+1 (I- Z)(k+1) ® (I" - U)).

Corollary 29. CF1Z =TF — L (I - Z)~.

2k
As a simple example of the utility of the above formulation, we can easily derive a
complete set of triples for an arbitrarily multiply controlled Z operator as follows.

Theorem 30. We have
{Z;} control®-o, {Z;}

1

{X;} controt®-o, {Xj — F(

I-Z)Y 'eXe (- Z)<k+1j)} .

Proof. As controlf-o, is symmetric, it suffices to prove these statements for j = 1. For
the first, we already have

{Z @ T*}control—(control®~1-¢,) {Z © 1}

from (1) of Lemma 26. Now from Lemma 26 part (2), and that control*~!'-¢, is Hermitian,
we have

{X @ I*} control—(control* !-¢,) {X @ CF1Z}.

Then the result follows from the previous corollary. O

Corollary 31. Any unitary Clifford+T circuit that synthesizes control®-o, contains at
least (2k — 2) T-gates.

Note that this corollary does not provide a sharp bound. For example, Gosset et al. [12]
provide an algorithm that explicitly computes the optimal T-count of the Toffoli gate to
be seven. However, our bound only provides the lower bound of two.

Lemma 32. For any unitary U we have
1. Re(control®-U) = control*-(Re(U)), and
2. ITm(controlk-U) = 2%([ —0,)F @ Im(U).
Proof. Note that

1[(1 o I o\l (1 0
2l\o v ) o vt )|7\o tw+ut

and so Re(control-U) = control-(Re(U)). Then (1) follows from straightforward recur-
sion.

Similarly,
1 I 0 I 0 (o 0 o
QZKO U>_<0 UT>1_<0 211.(U_UT)>—2(I—UZ)®Im(U).
Therefore (2) also follows from recursion. -
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Theorem 33. Let U be any n-qubit unitary, and k > 0. Then for j =1,...,k, we have
{Z;} control”-U {Z;}, and

{X;} control?-U {Xj - %(I ~ZY 1l eoXed-2)F e
4 2,%(1 _ 7y 9 X e (1-2)%) o Re(l))
b -2p e Yo I-2)0) g Im(U)} .

Moreover, for any n-qubit Pauli P with {P} U {V} then
{I* @ P} controt* U {I" @ P~ L (1-2)F & (P - V)}.

Proof. Clearly (1) follows immediately from Lemma 26 part (1).
For (2), we will assume j = 1 for clarity as the general case follows identically. From
Lemma 26 part (2) we have
{X ® I(k+n71)}
control-(control® 1-U)
{X ® Re(control*1-U/) + Y ® Im(control®~1-U/)}.

From part (1) of the previous lemma we have Re(control®*'-U) = control*~!-(Re(U)),
and so from Theorem 28

Re(control®~1-U7) = Fn-1 _ (I — o) B (1" — Re(U)).

2k—1

Part (2) of the that lemma simply gives Im(control*~1-U) = 2,%1([ —0,)* D @ Im(U).
Substituting these into the formula above gives the desired results.
We prove (3) inductively. For k = 1, Lemma 26 part (3) gives
{I®P} control-U{I® :(P+V)+Z®i(P-V)}
~ {319oP+ I V+1iZeP-1ZcV}
~ {IeP-11-Z)® P -V)}.

Now suppose the formula above holds for £ — 1. Then from the typing statement we just
derived,

(1Yo 1o P)}

control* !-(control-U)

16V e 1eP) - 34 0-2)" Ve [1oP) - (1oP) - i0-2)o @ -V))]}
- {IF@P - L(I-2)" o (P -V)}

8 Measurement for additive predicates

One missing component of additive predicates is the derivation of normal forms. As a
consequence, a full formalism for measurement is incomplete. Nonetheless, we can go some
distance in characterizing post-measurement conditions using the projection semantics in-
troduced in the introduction.

33



8.1 Projection Semantics

Recall that our core interpretation of the predicate X is X(v) if and only if o, = 1 (that
is, |¢) = |[+) up to normalization). However, to derive postconditions of measurements in
general, we need an interpretation where we associate a predicate to a projection operator,
and a state satisfies the predicate precisely when it is in the image of the associated
projection operator. We could interpret this as a type of semantics, where our predicates
are evaluated to projections

[X] = [+)X+[, [Y] =[], and [Z] = [0)O0].
This clarifies the behavior of negation as, for instance,
[-Z] = T —[Z] = I — |0)0] = [0}0|~ = [1X1].

Indeed, the negation of a predicate should behave like the orthogonal complement on the
lattice of projections.

For any (multi-qubit) Pauli operator P, the projection onto its +1-eigenspace is pre-
cisely 1T, = %(I + P). Similarly, the projection onto its —1-eigenspace is II; = %(I - P),
illustrating the relationship between operator negation in one interpretation versus orthog-
onal complement in the other.

8.2 Computing post-measurement states

When studying Pauli operators, we were able to exploit standard methods from the sta-
bilizer formalism for treating measurements in Pauli bases. However, these techniques no
longer apply for general unitary Hermitian operators, even those of trace zero. Hence we
need to revisit measurement from the first principles.

First, consider the problem of measuring a single qubit in the z-basis. Post measure-
ment, we know the state would satisfy the predicate Z W —Z where the factor in this union
depends on the measurement outcome. Although it is outside our logical formalism, we see
the probability of these outcomes directly in any preconditions of measurement the qubit
may satisfy.

Lemma 34. Let M = aX + bY + ¢Z be an additive predicate and M(|1))). Then in the

z-basis,

1 1-—
Pry{meas = +1} = %, and Pry{meas = —1} = 5 ‘<

Proof. We have M(|1))) when |¢) is the +1-eigenvector of the operator M = ao,+boy+co..
As |Y)X1| is the projector onto the +1-eigenspace of M, and I — |¢)1)| is the projector
onto the —1-eigenspace, we must have

M = [P} = (I = [9Xl) = 2 |[)e| =
Let T1Z be the projector onto the +1-eigenspace of Z (that is I1# = [0)0|). Born’s rule has
Pry {meas = +1} = tr(T1% [p)e]) = § tr (T4 (1 + M)

;( +atr(HZX) (HZY>+ctr(sz)) 1—2|—c.

Similarly, Pry{meas = —1} = 3¢ follows. O
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A similar fact holds in the multi-qubit case; however, it is significantly more challenging
to derive. Let us illustrate the key ideas on 2 qubits. Suppose (M) N M2))(|¢))) where
M), M(y) are 2-qubit additive predicates. Let M; and Ms be the unitary Hermitian
operators associated with these. The assertion that [¢) is the joint +1-eigenvector of M;
and My implies MMy = MyM;. As above, we have [1)(1)| as the projector onto this space,
and thus

[N = (I + My)(I + Mo) = 3(I + My + Mz + My My).

For convenience, let us write My = I and Mg = M;M,. Suppose we measure the first
qubit in the z-basis. As in the lemma above, the measurement projector is IIZ ® I and
Born’s rule reads

Pry {meas = +1} = tr( (I & I) [)(¢}]) = % 23: te( (117 @ 1)M;).
§=0
To compute these traces, we write
M;=T®Njo+X®Nj1 +Y @ Njo + Z ®@ N3,
and so
tr((HZ ® I)Mj> = tr(HZ ® Njo) + tr(HZX ® le) + tr(HZY ® Nj2> + tr(HZZ ® Njg)
= tr(Njo) + tr(N3).
Now, Mg = I, and for j > 0 we have M; is trace zero. Thus we may write

NOO =1 and N01 = N02 = N03 = 0,

and for j > 0O:
Nj(): i‘jX—i-ng-i-ng (18)
Njg = Cj] + QTjX + yjY + ZjZ.
So,
Pry{meas = +1} = 1(2 + tr(N13) + tr(Nas) + tr(Ns3))
_ l1+c1+ca+c3
N 2
where we extract each c; as:
M; = ¢;Z @ I + other terms. (19)

For ¢ and cy this is by direct examination of M) and M. However c3 can only
be obtained by computing M;Ms. A similar computation holds for the probability of
measuring —1, and so we have proven the following result.

Proposition 35. Suppose (M (1) N M(9))(|1)) where My, M(9) are 2-qubit additive predi-
cates, and suppose we measure the first qubit in the z-basis. As above write My and Ms for
the operators associated to these predicates and My = I and Ms = M1Ms. For 7 =0,1,2,3
define

M; =T®Njo+X®@Nj1 +Y ® Njo + Z ® Nj3.

Then

14+c1+ca+ecs
2

Pry{meas = +1} = p, =
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and

1—01—62—63
2

Pry{meas= -1} =p_ =

where the ¢; are given in (19).

From this, we can bootstrap the full post-measurement predicates for a general 2-qubit
state as follows.

Theorem 36. On 2-qubit states, measurement in the z-basis satisfies

{M(l) N M(g)} measy {(Z1 "My)w ((=Z); " M_)}

where
3
M, = iZ((@ + )X+ (§; +y;)Y + (35 + 25)Z) (20)
j=1
3
M- = 33 (& — 2)X + (5 — )Y + (3 — 2)2), (21)
j=1

where p+ are given in the proposition above, and the coefficients of My are in (18).

Proof. As above, write p, = 1+C1+++C3 for seeing outcome +1, then the post-measurement
state given outcome +1 is

3
LW? o 1)y) @7 1) = 41;( (7 © 1)M;(11% © 1))

3
> (17 @ Njo + (HZXT17) © Njy + (7Y T17) © Njp + 117 © Njg)
§=0

3
—mfe (I + Z(Njo + Nj3))

1
dpy

Ap4

3
=% @ (;I o (@ +a) X + (G + )Y + (5 + Zj)Z)) -
j=1

While we wrote this as a density operator, it is a pure state
(17 @ 1) ) (0] (I @ 1) = [0,4/)0, .

As above [¢/}¢)'| = £(I + M) so by examination the post-measurement state satisfies
71N (M+)2.

For seeing outcome —1, which has probability p_ = 1‘“‘%, the computation is
similar:
(I - eDy) (-7 el) = (I-T7)® ( +> (N )
_ iz

3
1

3
=HZ®(§I+4;_Z<<@—%)X+( —y)Y + (3 — z) )

j=1

So the post-measurement state satisfies (—Z); N (M_)2 O
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Example 37. Note that in the case that M1y and My are derived from Pauli operators,
the Proposition above recovers our measurement rules from earlier. Fach additive predicate
only contains one Pauli term. From (19) we see that at most one c; can be nonzero, as
otherwise two of My, Ma, and Ms would equal Z & I contradicting independence of M)
and M(g). In the case where one c; = 1 the measurement is deterministic (with outcome
equal to this cj) and the input state is separable. So suppose this is not the case, and the
measurement is uniformly random. One of My, My, and Ms must be of the form +X ® P
for some Pauli, as otherwise, one would be Z ® I since they are independent and pairwise
commuting. Without loss of generality suppose My = s1X ® P, where s € {—1,+1}. As
M3 = MMy one of My or Mz has of the form

1. 21 ® Q where Q commutes with P, or
2. £7 ® Q where Q anti-commutes with P.

Again without loss of generality, we can assume My takes one of these forms. Therefore
either:

1. My = 59l ®Q and M3 = s152 X ® Q, and so in (18) the only nonvanishing coefficient
is one of Ta, U2, or Za (according to Q) and we obtain the postcondition My = M_ =
SQQ; or,

2. My = s97Z @ Q and M3 = —s182Y ® iPQ, and so in (18) the only nonvanishing
coefficient is one of xj, y;, or zx (again according to Q) and we have postcondtions

M, =52Q and M_ = —502Q.

Example 38. If we have a single T-gate, what other sort of gates can we synthesize using
it, Clifford gates, and measurement in the computational basis? We will focus only on
synthesizing another one-qubit gate using a single ancillary qubit that will be measured,
and so this example parallels gate injection, which we will study in the next section. By
Proposition 17, prior to measurement, we can assume our state |1¢) satisfies a predicate of
the form

V(P +Pw) NPg

where the 2-qubit Pauli operators Py and Py anticommute, and Py commutes with both Py
and Py. Without loss of generality, we can assume the first qubit is measured in the z-basis.
Using the notation above My = %(P@ + P1), My = P», and M3 = %(POPQ + P P,). Asin

the previous example, we focus on cases involving Z ® 1.

Case 1: Py) =+Z®1I In the notation above, ¢c1 = c¢g = 0 while cg = 1, and hence the
probability of measuring Z = +1 is 0 or 1 depending on the sign in P (9). Specializing (15)
to this case, we must have

My = J51@ (X +§Y +22) + 52® (eX +yY + 2Z)

Mz =+( 1@ (@X +yY +2Z) + 5Z® (2X +§Y + 2Z))

Hence post measurement, our state satisfies

= i%((:ﬁ + )X+ (Gxy)Y + (2 £2)Z).
As Py and Py anticommute, precisely one of x,vy, z is nonzero and precisely one of &, 7, 2
is nonzero, and these cannot both be x,T ory,y or z,Z. So by Proposition 17, this circuit
is equivalent to one that uses Clifford plus one T-gate (without measurement).
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Case 2: P =+Z®1 Note this case also covers when Py, PyPs, or PP is o, ® I,
after relabeling terms as needed. As Py and Py anticommute we must have P, = o, ® Q
or Py = +0,®Q for some Pauli operator Q (that may be I). Hence My does not contribute
to a post-measurement predicate. Yet, P, must commute with both Py and P;, and hence
Py = 1®Q" where Q' € {0,,0,,0,}. But then M3 will not contribute to a post-measurement
predicate either, and hence M/, = P (9) and the circuit is equivalent to a Clifford gate.

Case 3: None of P, P(1),P) is £Z®1 This case is somewhat tedious, and so we

let the reader verify the details. Regardless, the measurement has probability % of obtaining
z=+1 or z = —1. In the subcase where Py = 0, ® Q or P» = 0, ® Q, then the result is
similar to Case 1 above in that between My and Mz precisely two of x,vy, z, %, ¥, Z contribute
to the output predicate, and so the circuit is equivalent to a Clifford with one T'-gate circuit
(without measurement). In the subcase Po = I @ Q, then the result is similar to Case 2
above in that the state is separable, and hence the post-measurement predicate is @), and
the circuit is equivalent to a Clifford gate. Finally in the subcase Po = 0, ® @), we must
have My = 0, @ N1 + 0y @ No (as otherwise either My or Ms would have a o, ® I term);
then just as above neither My or Ms contribute a post-measurement predicate, which is Q,
and so the circuit is equivalent to a Clifford gate.

The n-qubit analysis follows in a similar way as with two qubits; however, we do not
have such a concrete result. Suppose (M) N --- N M,)(|1)). Continuing our notation
from above, let M; be the unitary Hermitian operator associated with M;). Then

Wil = o [I0+ M) = 5 3 My
J=1 JE{L, -+ n}

where the “multi-index” J selects a subset of {1,--- ,n} over which M; = [1;e; M;. Here
we adopt the convention My = I similar to My = I in the 2-qubit case. Then Born’s rule
for measuring the first qubit reads

1
Pr{meas=+1} = = > @ (% @ 1"=D)0y) .
JC{1,...,n}

Again we write
M;j=T®Nj+XNj+Y@Nj+ 2R Ny3
and just as in the 2-qubit case, have
tr (7 @ 1Y) My ) = tr(Nyo + Nyg).
Now, Nyg = I and Nyg = 0. For J # (), we expand

Njo= Y qxPx and Ny3 = ;1Y + 3 vy Py,
K#0 K#0

where here K € {0,1,2,3}" ! and for K = (k1,...,k,_1) we write Px = P, ®---® P
Then for measuring the first qubit to be state +1, we have

n—1"

TA0

1 1
p+ = Pr{meas = +1} = 5 (1 + o > CJ)
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and the post-measurement state will be

(7 @ 17D ) (] (117 @ 1071)

1
_HZ®2n_1< ZZCIJK-FTJKP).

2p+ J#0 K£0

Now, however, we face a challenge. The post-measurement state is a pure state |¢’) and

[ XY = 2n1_1 ( " T Z > (ajx + )P ) : (22)

T J£0 K#0

But to find the predicates it satisfies, we need to find (n — 1)-qubit additive predicates

fs..., M/ _; such that the associated operators satisfy
n—1
[T + arf) = 10 +—Z > (ask +71uK)P
=1 2+ T2 k%o

While this does not seem immediately tractable, we can prove a lemma that shows
that one feature of measurement from Pauli predicates carries over to general additive
predicates: if a term in the intersection involves only I and Z in the measured qubit, then
it becomes a term in the post-measurement predicate (possibly with a different sign).

Lemma 39. Suppose M =1 ® No+ Z ® N3. Then
o (M7 @IMVYM = (1% @ (Ny + N3))(I% @ I"™Y), and
o (I=T17) @ V)M = (I — 1) @ (No — Ng))(I — T17) @ 10 D).
Proof. Direct computation. O

To apply this lemma, without loss of generality suppose (M) N -+ N M,))(|1)) with
My =1® Ni1p+ Z ® N1 3, and suppose the first qubit is measured (in the z-basis) with
outcome +1. Then the post-measurement state is

oo (7 @ 107D) |9 (] (17 @ 1Y)

2"p+

n
= %(HZ®(I("‘”+N1,0+N1,3)) s (17 @ 1Y) H (1" + M) - (117 @ 10D,

Hence the output state has M’(I)(\O,i//» where M{ = Ny + Ni 3 (up to a normalization
term contained in py). The second conclusion in the lemma handles the case for outcome
—1, where the post-measurement state has M’ (|1 ")) where M| = Ny — Ny 3 (again
up to normalization).

8.3 Application: Gate Injection

A standard approach to fault-tolerant universal quantum computation is through imple-
menting non-Clifford gates on codes through gate injection using associated “magic” states.
While we can be explicit about the structure of the unitary gate we wish to inject, let us
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i aae
|oh) — U3 UlY)
Figure 3: Gate injection circuit for U.

see what we can prove by simply appealing to Hoare-style judgments. For concreteness,
we focus on single-qubit unitaries and assume the two judgments

{X} U {M} and {Z} U {Z}. (23)
The additive predicate M cannot be arbitrary. These assumptions imply Uc,UT = o,
and Uo,U! = M. Since o, and o, anti-commute, so must M and o, and therefore

M = ao, + bo, where a® 4+ b?> = 1. We will parametrize a = cos§ and b = sin §. Naturally
T fits this mold with 6 = 7. Tt is straightforward to deduce

{Y} U {i-(cos@-X+sinf-Y)Z} ~» {—sinf - X +cosf-Y},

and so we see U acts as a Bloch sphere rotation in the X/Y-plane by an angle 6.
We claim that we can synthesize U using the state |m) that satisfies the predicate M
in the circuit of Figure 3. That is, we aim to show that this circuit C satisfies the triples

{Ml N Zg} C {(Zl W —Zl) N Zg} and {Ml N XQ} c {(Zl () —Zl) N MQ}

hence recovering (23) in the separable second factor.
Beginning with M; NZy = M ®I) N (I® Z) we evaluate the effect of the circuit on
each term of the intersection:
{(cosf-X +sinf-Y)®I} NOTC {cosf - X @I+sinf-Y R Z}
and {I® Z} NOTC{I® Z}.

Our post-measurement predicate is then
((Zl N 12) O] (—Z1 N 12)) N ((Zl N Zg) ] (—Z1 N Zg)) = (Zl N ZQ) W (—Zl N ZQ),

as the second term on the left side can be obtained using an implication rule on the first.
Now turning to the case M1 N Xy =M ® INI® X we again evaluate the effect of the
circuit:
{(cos@-X +sinf-Y)RI} NOTC{cosf - X @I+sinf-Y ® 7Z}
and {I® X} NOTC {X ® X}.

Now, however, our precondition to the measurement
(cosf - X@I+sinf-YRZ)N(X®X)

has too many terms with an X in the first factor. So we use the N-MUL-R rule to multiply
the second term into the first, yielding

(cosf-IT®X+sinf-ZeY)N(X®X).

Now we apply the discussions from the previous section to write the post-measurement
condition as

(Z1 N (cosf- X +sinf-Y)y)W((—Z);1 N(cosf-X —sinh-Y)s).

So we see that upon measuring 0, the resulting state satisfies Z; N"IM5 as desired. But upon
measuring 1 we have the resulting predicate (—Z); N (cos(—0)X +sin(—0)Y )2, and so have
accomplished the rotation in the opposite direction. That is, we have implemented UT
and so doing a post-selected correction of U? as in Figure 3 produces the output predicate
(=Z)1 N My as desired.
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X Y Z
X X Y | -Z
Yy | -X Y |-Z
Z | =X -Y | Z
H 7 -Y | X
S Y -X | Z
T |X+Y|Y-X| Z
THX-Y |X+Y| Z

Table 1: Axiomatized and derived behavior of common one-qubit gates.

| XoI |[IoX | Y®I |IQY |ZRI|I®Z
CNOT | XoX |I@X |[Y®X |ZY |[ZR1|Z)Z
Ccz XQZ|ZoX|YQRZ|ZRY |ZRI1|IQZ

| XeX | XY | X®Z | YoX | YRY | Y®Z | ZoX | ZRY | ZQZ
CNOT | XeI | Y®Z | -YRY | Y®I |-X@Z|XeY |ZeX | IgY | IoZ
cz YRY | -YeX | X®I | -X®Y | XeX | YRI | IeX | IQY | ZRZ

Table 2: Behavior of common two-qubit gates over all Pauli pairs.

9 Complexity of program verification

We can now present the algorithm for inferring postconditions and validating triples on
quantum circuits. These are noticeably different procedures: validating triples ensures
that a program has a given user-specified type, while postcondition inference attempts to
derive a valid triple for a program. Given that our logic is rich enough to give infinitely
many predicated to any circuit (though many will be equivalent), we will not perform
full postcondition inference on a circuit. Instead, we can ask the user to specify the
input, i.e., a precondition, and derive the output or postcondition through our inference
rules. Alternatively, if the user has a specific postcondition in mind, we can do the same
inference procedure and normalize both the pre- and postconditions (applying weakening
rules as needed) and check that they are equivalent. Hence, in this section, we will focus
on postcondition inference given a variety of programs and preconditions.

Inference on tensor preconditions Given a Clifford circuit and a predicate P1 @ Py ®
-+-® Py, (consisting of no intersections or additive terms), we can derive the corresponding
postcondition on applying the circuit in O(m) time, where m is the number of gates. This
follows from the fact that we can update the postcondition on each gate application in
constant time. In practice, this only takes a single lookup since it proves convenient to add
a number of derived triples to the system (Tables 1 and 2). Note that we assume tensors
are implemented by arrays, saving us the time of iterating through an n qubit list.

Inference on intersection predicates Restricting to just Pauli predicates, we can
fully describe the semantics of a Clifford circuit (though we rarely will). Doing so requires
determining the postcondition for I* 7! ® X;, @ I"* and I*¥' ® Z;, ® I"*, for every
1 < k < n where n is the number of qubits. There are precisely 2n terms in this intersection,
so the time to infer the fully descriptive output predicate is O(mn).
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Inference on fully separable preconditions When we get to separable preconditions,
we have to start doing normalization (§3). The normalization procedure iterates over each
tensor in an intersection and then multiplies it by potentially all the remaining tensors.
Since there are at most 2n elements in the intersection and each tensor is of length n,
this winds up being an O(n?) operation. Once the normalization is done, applying the
separability rules is straightforward. This gives us a complexity of O(mn + n?), which we
can simplify to O(mn) (our previous result) when m > n?.

Post-measurement inference on Pauli predicates Measurement is where some
complexity can start to appear, especially with it being a non-unitary operation. In general,
we want to use the principle of deferred measurement [22, §4.4] to push off measurements
until the end of the circuit, allowing us to perform normalization only once. A single-qubit
post-measurement predicate doubles in size when a random outcome is expected due to
the use of unions. Then, performing m measurements could potentially add a 2™ factor
increase in the number of terms. This is in line with the fact that there could be 2™
possible outcomes to track.

In practice, however, it is more common for us to post-select on certain measurement
outcomes or perform subsequent operations conditioned on certain outcomes (e.g., error
correction). In such cases, it will be possible to simplify the expression or focus only on
a pre-determined set of postconditions to understand the measurement behavior. The
cost for computing the post-measurement predicate for a single Pauli measurement on an
n-qubit system with ¢ terms in the union is O(2¢n?).

The Clifford+71 set and exponential blowup Naturally, universal quantum com-
puting is the real test case for our logic. We know that our system is capable of fully
describing arbitrary quantum computations, so unless quantum computing is efficiently
simulable, we cannot efficiently validate the action of arbitrary quantum circuits. This is
clear in the case of Toffoli. As we saw in §7.2, despite having seven T gates, checking the
Toffoli circuit only involves additive predicates with at most 4 terms (in the worst case). So
in some sense, Toffoli only has an “effective” T-depth of 2 (which is essentially the content
of Theorem 21).

Nevertheless, in the worst case, the running time of our validation and inference pro-
cedures is O(2'), where t is the number of T-gates, illustrating that our system cannot be
efficiently applied to arbitrary circuits.

Post-measurement inference on additive predicates At this time, we refrain from
providing any asymptotic expressions for the complexity of measuring additive predicates
as we only consider very restricted cases of measuring single and 2-qubit systems. These
are performed in an ad-hoc way by manipulating the underlying matrix corresponding to
the given predicates. Hence, even generalizing the current process may not provide any
non-trivial insights into asymptotic complexities beyond taking O(2") time for an n-qubit
system.

10 Related Work

A variety of Hoare logics for quantum programs already exist. These logics use a variety
of predicates, including quantum observables [35], subspaces [33], and projections [3§],
going from most general to least. Notably, each assertion style is more expressive than
our stabilizer predicates. This is both an advantage and a limitation. The combination of
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highly expressive predicates and a fully general consequence rule allows the user to prove
arbitrary properties of programs, but this requires significant manual effort. In particular,
in the rule for unitary application {UTPU} U {P}, some variant of which is present in

almost every Hoare logic, UTPU is almost never explicitly computed: Doing so would make
using the logic as complex as simulating the program. Instead, such expressions tend to
be left symbolic and are simplified by the liberal application of the consequence rule.

By contrast, the logic presented here is designed to be fully automated and efficient at
the cost of expressiveness. When a unitary gate is applied to a qubit, the corresponding
predicate changes, and this change is efficient, modulo the effect of non-Clifford gates. This
allows us to efficiently characterize properties like separability, provided that the T" count is
low. However, we cannot prove the correctness of Grover’s algorithm or Harrow-Hassidim-
Lloyd algorithm, as in prior logics [35, 38].

Prior work on lightweight static analysis of quantum programs used the lens of abstract
interpretation. Abstract interpretation was developed by Cousot and Cousot [8] in order
to show useful properties of programs at low cost. Abstract interpretation necessarily
sacrifices fidelity (being able to perfectly describe a program) in favor of efficiency. Perdrix
[23] was the first to apply abstract interpretation to quantum programs (expanding on
earlier work [24] that used a type system), but his system was quite limited: It could
only precisely characterize a qubit as being in the z or x basis, and conservatively tracked
entanglement, meaning that it would err on the side of saying qubits were entangled if it
could not rule that out. Building on Perdix’s work, Prose and Zerrari [25] developed a
Hoare-like logic for conservatively tracking entanglement, applied to Selinger and Valiron’s
quantum lambda calculus [28].

More recently, Yu and Palsberg [36] developed an approach to quantum abstract in-
terpretation based on reduced density matrices, specifically 4 x 4 partial traces of the full
system. The expressiveness of such an approach is unclear and is mostly used to check that
qubits are in |0) or |1) states in practice. However, it does demonstrate remarkable perfor-
mance in assertion checking and admits the possibility of using larger, more informative,
reduced density matrices.

Honda [17] presented a more powerful system based, like ours, on the stabilizer formal-
ism. It represented states using stabilizer arrays, which can be translated to our logic but
are rather less useful than human-readable predicates. It dealt with non-stabilizer states
simply by treating them as black boxes (literally represented as W), which could propagate
throughout the program. This could be useful in a few cases, such as where a non-stabilizer
state was quickly discarded, but generally meant the system could not meaningfully speak
about non-Clifford circuits.

Prior versions of this work [27, 31] presented the logic as a lightweight type system
for quantum programs. While there is a rich literature on semantic subtyping and set-
theoretic types [11, 4], in which types can convey rich information about a program, as our
logic became more complex, using types came to feel less natural. In particular, typing
derivations, which tend to be expressed in the form of trees, grew unwieldy, and it became
clear that we would need a notion of subtyping corresponding to Hoare logic’s consequence
rule. Our lightweight consequence rule (=) proved to be the right middle ground, allowing
us to simplify assertions without allowing arbitrary mathematical derivations. However,
the switch is not without cost: A type system allows us to fully characterize the behavior
of H with the type (X — Z) N (Z — X), while in Hoare logic we had to introduce the
somewhat artificial judgment {{X || Z}} H {{Z || X}}, which is external to the core logic.
Note that U : (A — B)N (A’ — B') implies U : (AN A’) — (BN B’) via standard
subtyping rules. We could add a corresponding rule for {{A || A’} U {{B || B'}}, but this
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would add unnecessary complications to the logic.

Yuan et al. [37], introduce a type system for conservatively tracking entanglement, with
an interesting twist: Qubits can be cast to unentangled (“Pure”; in the paper’s terminology)
at the cost of a runtime check. This is a surprisingly lightweight and readable approach
to tracking entanglement. However, the runtime check is potentially costly (whether the
program is simulated or executed on a quantum computer) and it is not clear how this
type system could be extended to express additional properties.

Concurrently with this work, Wu et al. [34] developed QECV, a quantum Hoare logic
based on stabilizers for verifying error-correcting codes. This approach is largely comple-
mentary to our own (save for our comparatively small steps towards verifying stabilizer
codes) but suggests a variety of new possible directions. Their language, as well as their
logic, references predicates, allowing for measurement that branches on those predicates
and a custom measurement that reflects that. The language also includes loops, which we
do not address in this work. Adapting QECV’s language and logic to verifying attributes
like separability seems like a promising future direction for this work. It also seems likely
that we could build a verified tool that can check program properties using a generalization
of QECYV that captures properties like separability.

Finally, there are two approaches to quantum program verification that are adjacent
to our own but worth addressing. Quantum assertions [18, 21, 20| allow one to embed
assertions inside programs that will check that a given property holds. While prior work
was limited to checking simple assertions, Li et al. [20] treats arbitrary projections as
assertions. However, these systems can fail at runtime (e.g., if the measured state has some
probability of being in the desired state) and also require us to check a program’s behavior
on a quantum device or sufficiently powerful simulator. At the other end of the spectrum
are sophisticated logical systems for quantum programs |35, 33] and powerful tools to
formally verify quantum program behavior [5, 16]. However, even with an assist from
automation, these tools tend to require substantial effort on the part of the programmer.
We refer the reader to two recent surveys [6, 19| for an in-depth analysis of the advantages
and disadvantages of these approaches.

11  Future work

There are still various ways to further enrich our program logic, providing many promising
avenues for us to explore.

Inference on Quantum Channels Other than measurement, all the operations whose
behavior we infer are unitary circuits. More general quantum operations are given by
completely positive trace-preserving maps, i.e., quantum channels. Extending our logic to
handle quantum channels could potentially allow us to perform inference on or validate
quantum cryptography and communication protocols. A starting point for this would be
to use additive predicates and unions to characterize partial traces and post-selection.

Applications for error-correcting codes Implementing a fault-tolerant universal set
of gates transversally will reduce the overall cost of error correction. However, as this
cannot be achieved using just one code, a common method used switches between two
sets of codes, each having a different set of transversal gates [2]. Extending our logic to
either infer the structure of or even validate the code-switching circuit given the predicates
describing two codes would prove to be fruitful. Similarly, validating the encoding and
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decoding circuits for a code given its predicate could also be of value in verifying the
implementation of error-correcting codes.

Normalization for additive predicates Finding a canonical representation for additive
predicates is imperative to effectively validate additive postconditions. A big roadblock to
it is that, unlike with Pauli predicates, additive predicates (especially multi-qubit ones)
could have terms that neither commute nor anticommute. This makes it hard to find a
normalization procedure for them similar to that in §3. Additionally, this also limits our
ability to make multi-qubit separability judgments in the additive case.

General measurement for additive predicates Although we have outlined some
cases in §8 where we can infer the post-measurement states, this is limited to performing o,-
basis measurement on single and two-qubit systems. In order to fully exploit the power of
additive predicates, it is essential that we have a full characterization for post-measurement
states. An immediate consequence of this could be a deeper analysis of predicates for multi-
qubit magic states and applications associated with them.

A logic for quantum programs with classical control A key component of quan-
tum error correction and many quantum algorithms in practice (whether intermediate or
large scale) is that they are interspersed with classical processing. This includes the use
of classical control to decide which quantum operations to apply along with any pre- or
post-processing. To account for this, we would need to formally extend our logic to ex-
plicitly handle classical data types as well as other program elements such as conditional
statements, loops and recursions.
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A Full Grammar and Rules

1. Predicates:
G=1X|Y|Z

T:=G|cT|T®T|T+T
P:=T|PNP|PuyP|Ps

(X®I} CNOT {X® X}

2. Core Rules:
{X} H {Z}
{Z} H {X} {I®X} CNOT {I®X}
{X} S {Y} {Z®1} CNOT {Z®1}
{Z} S {Z} {I®Z} CNOT {Z®Z}
Zy Tz} (X} T {HX+Y)}
3. Tensor Rules:
T[i] = A {A} U {B} T[] = A T[j]=B {A®B} U {C®D} “
' {T} Uij {T[i~ C:j~ D]} ’

{T} Ui {T[i~ B]}

(A} g {A} o

4. Arithmetic Rules:
{B} g {B'}
{cA} g {cA'}

{A} g {A}
{AB} g {A'B'}

5. Sequence Rule:
{ } g1 { } { } g2 { } SEQ

{A} 91192 {C}

6. Consequence Rule:
A=A {A} g {B} B:$B’COS
N
{A'} g {B}
7. Intersection and Disjoint Union Rules:
{A} g {A} (B} g {B} {A} g {A}  {B} g {B} "
{AwB} g {A'WB’}

{ANB} g {A'nB’}

8. Addition Rules:
{A} g {C} {B} g {D} {A} U {B+C} Tli|=A
ADD {T} Ui {T[i~ B]+ T[i— C]} ©-ADD

{A+B} g {C+D}

Figure 4: The basic predicates, Hoare triples, and deductive rules for our stabilizer logic. The grammar
allows us to describe ill-formed predicates, such as X N (I ® Z), but these are never satisfied.
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1. Simplification rules:

GG ~ 1 IG ~ G GI ~ G
ZX ~ 1Y XY ~ 17 YZ ~ X
XZ ~ —iY YX ~ —iZ 7Y ~ —iX
cA®B ~ c(A®B) A ®cB ~ ¢(A®B)
2. Implication rules:
ANnB=A

ANB=BnNA

AN(BNC)s (ANB)NC

A=AuwB

A¥dB=BUWA

AW (BWC) = (AWB)wC

ANB< ANAB (for Pauli Predicates A, B)
A+B=B+A

(A+B)+C< A+ (B+C)

A+0B= A

3. Single-qubit Separability Rules:

I"'9oBeI"" < B,
ByNT & BN T[n]\{k} where T[k] € {B, 1}

4. Multi-qubit separability rules for Pauli predicates when S = {j1,...,jx} C [n]:

BﬁT(l)ﬁ...ﬂT(k)@Bgﬂ(C(l)ﬂ...ﬂC(k))S,

where vje[k:] T(J) [S] = C(J)Vje[k] T(])[g] = In_kB[S] = Ik

Figure 5: Simplification and implication rules for our predicates. These cover our applications for
normalization and separability judgments. Let [n] = {1,...,n} and S C [n]. The conditions that
C); -+ Cx) need to satisfy to achieve multi-qubit separability are described in §4.2.
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B Transitivity of Clifford groups

Recall that a group G acting on a set  is transitive if for any z,y € §2 there exists a g € G
with g -2 = y. Since Clifford operators act on Pauli operators by conjugation, the Clifford
group can never be transitive as C' - I = CICT = I . However, for nontrivial Paulis, it is.

Proposition 40. Let P,Q € P, \{=£I}. Then there exists a C € C¥,, such that CPCT = Q.

More generally, a group is m-transitive if given tuples (z1,...,Zm), (Y1,...,ym) € Q™
with each x; # x; and y; # y;, then there exists a g € G with g-2; = y; fori =1,...,m.
Again, since the Clifford group acts by conjugation C-(—P) = —CPCT = —C- P and so the
Clifford group cannot be even 2-transitive. However, we modify the definition to require
our Pauli elements to be distinct up to sign; then, we do obtain a higher transitivity result
in the one-qubit, which follows from simply counting the number of one-qubit Clifford
operators.

Lemma 41. Given Pi, Py, Q1,Q2 € P1 \ {£I} with Py # +P» and Q1 # £Q2, then there
exists a C € Cly with CP,CT = Q1 and CP,Ct = Q3.

Note that from the conditions in the lemma above, we must have P, and P, (and
respectively @1 and @Q2) anticommute. But for higher qubit Paulis, this is not the case:
even if Py # +P, we could have P, and P, commute. Since conjugation preserves com-
mutativity, again, the Clifford group cannot be 2-transitive. However, it is on pairs of
commuting/anticommuting Paulis.

Theorem 42. Given Pi, Py, Q1,Q2 € Py \ {1} with P, # £P> and Q1 # £Q2 and either
both Py, Py and Q1, Q2 commute or both anticommute. Then then there exists a C € Cl,,
with CP,CT = Q1 and CP,CT = Q.

The proof of this theorem follows from the 2-qubit case (much like building a general
Clifford operator out of CNOT and one-qubit Cliffords). For two commuting 2-qubit
Cliffords P, @, using the lemma above (and CNOT if necessary) one can easily produce a
C with CPCT = oy ® o, and CQCT = 0, ® 0. Similarly, for two anticommuting 2-qubit
Cliffords P, @, one gets a C' with CPCt =T ® oy and CQC' =1 ®o,. Then the theorem
follows from chaining each of P, Q1 and Ps, Q2 through the appropriate normal form.
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